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Abstract

Let K/k be a finite abelian extension of number fields. For each odd prime p and
strictly positive integer r we use the leading terms at s = r of the p-adic, respectively
archimedean, L-functions that are associated to K/k to define canonical ideals of
Q,[Gal(K/k)]. At each such integer r we show that Wiles’ proof of the main conjec-
ture of Iwasawa theory implies that the Tate-Shafarevic group (in the sense of Bloch
and Kato) of the appropriate Tate motive is annihilated by our p-adic ideal. We also
show that if the relevant special case of the Equivariant Tamagawa Number Conjec-
ture of Burns and Flach holds, then the Tate-Shafarevic group is also annihilated by
our archimedean ideal. From the first (“p-adic”) result we deduce a natural analogue
for totally real fields of Brumer’s conjecture, and hence also of Stickelberger’s theo-
rem, an analogue at strictly positive integers of the refined Coates-Sinnott conjecture
of Burns and Greither and a natural strengthening and generalisation of results of
Gras and Oriat. The second (“archimedean”) result extends work of Jones which itself
builds upon a recent conjecture of Solomon.

In the process of obtaining these results we also prove several purely algebraic
results which seem themselves to be of some independent interest. Such results include
in particular a natural refinement and generalisation of a result of Snaith concerning
the annihilation of the cohomology modules of a perfect complex by ideals constructed
from the determinant module (in the sense of Knudsen and Mumford) of the given

perfect complex.
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Chapter 1

Introduction

The results of this thesis concern the annihilation of the Tate-Shafarevic groups (in
the sense of Bloch and Kato [6]) of Tate motives by explicit ideals constructed from
the leading terms of suitable L-functions.

To give a little more detail we fix a finite abelian extension of number fields K /k of
group G := Gal(K/k) and an odd prime p and write S for the (finite) set of places of
k comprising those which ramify in K/k as well as archimedean places and all places
lying above p. Then the Bloch-Kato-Tate-Shafarevic group for the natural choice of
p-adic integer structure on the motive Q(1)x (regarded as defined over k and with a
natural action of Q[G]) is known by work of Flach [25] to be canonically isomorphic
to the p-primary part of the ideal class group Cl(Of) of K. Furthermore for each
integer r with » > 1 the Bloch-Kato-Tate-Shafarevic group for the natural choice of
p-adic integer structure on Q(7)g is equal to the Tate-Shafarevic Group in degree
two of Ok s and Z,(r) that is defined by Neukirch, Schimdt and Wingberg in [45,
Defn. 8.6.2| (see Lemma 3.2.4 for a proof of this fact, but the result is in principal well
known). We also prove (in Lemma 3.2.7) that if K validates the Quillen-Lichtenbaum
Conjecture at p, then the latter Tate-Shafarevic group is canonically isomorphic to
the “p-adic Wild Kernel” of algebraic K-theory that was introduced by Banaszak in
[3].

Our annihilation results regarding these Tate-Shafarevic groups are of two kinds:

annihilation by elements constructed using the leading terms of p-adic L-functions (cf.
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Theorems 4.1.1 and 4.1.5) and annihilation by elements constructed using the leading
terms of complex L-functions (cf. Theorem 5.4.1). The techniques used in proving
these two kinds of results appear to be quite different and yet are also conjecturally
related (cf. Appendix B).

In a more general context the algebraic techniques developed here can also be
combined with the Tamagawa number conjectures that are discussed by Fukaya and
Kato in [30]. In this way one can construct explicit (conjectural) annihilators of the
Bloch-Kato-Selmer modules (and hence, a fortiori, of the Bloch-Kato-Tate-Shafarevic
groups) for a very wide class of motives. We note that this approach leads, amongst
other things, to the formulation of a natural “strong main conjecture” for abelian
varieties of the kind that Mazur and Tate explicitly ask for in [41]. This more general

aspect of the theory will be described in a joint article with David Burns.

1.1 Annihilation Results Involving Leading Terms

In this section we briefly discuss the annihilation results that motivated the work in

this thesis.

1.1.1 The Work of Stickelberger, of Coates and Sinnott, and of Burns

and Greither

The literature is in fact replete with annihilation results for Bloch-Kato-Tate-Shafarevic
groups using the values of Dirichlet L-functions at non-positive integers.

For example the classical Stickelberger Theorem states that the ideal class group
of an abelian extension K of k = Q is annihilated by an ideal of Z[G] constructed

from the values at s = 0 of partial zeta-functions.



Furthermore for any positive integer n Coates and Sinnott [18| have defined anal-
ogous ideals S,, of Z[G] using the values of partial zeta-functions at s = 1 — n. They
conjectured that for all positive even n the ideal S, ®z Z[}] annihilates the higher
algebraic K-group Ko, 2(Ok)®yz Z[%] and they proved this conjecture for n = 2. For
odd integers n Banaszak [4, Thm 1.1] has proved a weaker analogue of this conjecture.
In [14] Burns and Greither formulated, and in a wide class of important cases proved,
a “refined Coates-Sinnott conjecture” for an abelian CM-extension K of a totally real
field k. It is known that when the Quillen-Lichtenbaum conjecture holds for K at an
odd prime p, then the conjecture of Burns and Greither is indeed a natural refinement

and generalisation of the Coates-Sinnott conjecture.

1.1.2 The Work of Solomon and of Jones

As far as we are aware, analogous annihilation results involving the values of par-
tial zeta-functions at strictly positive integers were relatively unexplored until quite
recently.

In [56] Solomon introduces for a finite abelian extension K of a totally real field
k certain “twisted zeta-functions” whose values at s = 0 are related to the values
at s = 1 of classical zeta-functions. In so doing he formulates a new Stark-type
conjecture which is fundamentally p-adic in nature and involves a canonical Z,[G|-
submodule S s, of Q,[G]. Concerning this ideal he conjectures the following
inclusion:

Sk /rsp C ZyplG. (1.1)

In his recent thesis [34] Jones proved that for any CM abelian extension K of a totally
real field k, any odd prime p and any choice of field isomorphism j : C = C,, the

j-projection of the equivariant Tamagawa number conjecture (see §1.2.1 below) for
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the pair (Q(1)g,Z[G]) implies the following natural refinement of (1.1):

GK/k,S,p - Fittz[g} (Cl (OK)) X7z Zp. (1.2)

Jones also proved (1.2) to be valid whenever K/Q is abelian.

1.1.3 The Work of Gras and of Oriat

In [47] Oriat builds upon earlier work of Gras to prove an annihilation theorem of a
rather different nature to those discussed above. To describe this result we assume
to be given a totally real cyclic extension K of (Q and an odd prime p. Then, for any
faithful p-adic character ¢ of Gal(K/Q), Oriat proves that an ideal constructed from
the value at s = 1 of the p-adic L-function of ¢ annihilates the ¢-component of the
Galois group over the cyclotomic Z,-extension of K of the maximal abelian p-ramified
pro-p extension of K. These results of Oriat served as the original motivation for the

work which led to Theorems 4.1.1 and 4.1.5.

1.2 Leading Term Conjectures

In this section we briefly recall the two types of conjectures which describe the leading
terms of L-functions in terms of the determinant modules of suitable perfect com-
plexes and will be central to this thesis. These conjectures are “Tamagawa number
conjectures” which relate to the leading terms of motivic L-functions and “generalised

Iwasawa main conjectures” which relate to the leading terms of p-adic L-functions.
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1.2.1 The Equivariant Tamagawa Number Conjecture

The history and development of the equivariant Tamagawa number conjecture (here-
inafter referred to as the “ETNC”) is described by Flach in [26]. We only give a very
brief summary here.

The Tamagawa number conjecture of Bloch and Kato (first set forth in 1990 [6])
is a simultaneous generalisation of both the analytic class-number formula and the
celebrated conjecture of Birch and Swinnerton-Dyer. It was inspired by the computa-
tion of Tamagawa numbers of algebraic groups using motivic cohomology groups for
motives of negative weight with coefficients in Q in place of commutative algebraic
groups. The conjecture was subsequently refined by Fontaine and Perrin-Riou in [27]
and [28] to apply to motives of arbitrary weight with coefficients in any commutative
algebra by using the determinant construction of Knudsen and Mumford (from [38]).

The extension to the setting of motives with non-commutative coefficients was
for some time hampered by the lack of a well defined determinant construction for
non-commutative rings. However in 2001 Burns and Flach [11] used the virtual object
formalism of Deligne [21] to formulate a Tamagawa number conjecture for an arbitrary
motive M and order 2 in the (assumed to be semisimple) coefficient algebra of M -
this is the aforementioned ETNC. In this thesis the ETNC for such a pair (M, 2) will
be denoted by ETNC(M,2(). Given any prime p and field-isomorphism j : C = C,
we denote the associated “j-projection” of ETNC(M,2) by ETNCY (M, 2L,) (in fact
when the choice of j is clear from context we will often suppress it from our notation).
It is known that ETNC(M,2) is equivalent to the validity of ETNCY (M, 21,) for
every prime p and isomorphism j.

In this thesis we fix a finite abelian extension K of a totally real base field k with

G = Gal(K/k), an integer r, an odd prime p and an isomorphism j : C = C, and
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investigate ETNCY(Q(r), 2,) for certain direct factors 2, of Z,[G]. We recall that
if K/Q is abelian, then ETNCY(Q(r) g, Z,[G]) is known to be valid for every p and
J (by work of Burns and Greither in [15] when p is odd and r < 0, Burns and Flach
in [13] when p is odd and r > 1, and by Flach in [26, Thm. 5.1] when p = 2) and
hence that ETNC(Q(r)k, Z[G]) is itself valid in this case.

1.2.2  The Generalised Iwasawa Main Conjecture

The main conjecture of Iwasawa theory was proposed by Iwasawa in [32| and proved
by Wiles in [65]. For an algebraic closure Q of Q, a totally real number field k in
Q, an odd prime p and certain homomorphisms x : Gal(Q/k) — Zy, Wiles’s result
describes the leading term at s = 1 of the S-truncated p-adic L-function of y in
terms of the structure of the Galois group of a particular Galois extension related to
x- This Galois group is a classical object of Iwasawa theory but can also be naturally
described in terms of the continuous cohomology of the Tate module Z,(1). In this
way the main conjecture of Iwasawa theory can be reformulated in a manner similar
to the (relevant) Tamagawa number conjecture except that the role of complex L-
functions is played by p-adic L-functions. The refined (equivariant) version of the
main conjecture which corresponds in a similar way to the ETNC (at least in the
context of abelian extensions) was first considered by Kato in [36] where it was referred

to as the “Generalised Iwasawa Main Conjecture”.

1.3 Outline of the Thesis

The basic contents of this thesis is as follows.
In Chapter 2 we recall some background material and introduce some convenient

notation. In Chapter 3 we recall definitions and discuss basic results concerning Galois
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cohomology (and various forms of Tate-Shaferevic groups) that will be used in the
later parts of this thesis. In particular in §3.2.3 we recall the conjecture of Schneider
which generalises Leopoldt’s conjecture.

In Chapter 4 we prove a natural generalisation of a result of Oriat. In order to
prove this result we deduce a generalised form of the main conjecture from Wiles’
proof of the classical main conjecture and also prove a strong generalisation of an
algebraic result of Snaith from [51]. We must also describe explicitly the compactly
supported cohomology modules with respect to Ok s of the Tate module Z,(r) where
K is a CM abelian extension of a totally real field k, r is a positive integer and p
is an odd prime. Our main results in this chapter are Theorems 4.1.1 and 4.1.5 and
concern the annihilation of ideal class groups, resp. Tate-Shaferevic groups, by ideals
constructed using leading-terms, resp. values, of p-adic L-functions at s = 1, resp.
s=r.

In Chapter 5 we prove a natural analogue of a result of Jones 34, Thm. 4.1.1]
concerning the relation between ETNC(Q(1)x, Z,|G]) and recent results of Solomon.
Indeed, the main result (Theorem 5.4.1) of this chapter is that for any integer r
strictly greater than one the validity of ETNC(Q(r) g, Z,[G]) allows one to construct
explicit annihilators of Tate-Shafarevic groups from the values of complex L-functions
at s = r. In the course of proving this result we describe explicitly the motive Q(r)x
and the conjecture ETNCY(Q(r), Z,[G]) and construct a “higher Solomon ideal”
from values of complex L-functions.

In Appendix A we prove that the “higher Solomon ideal” introduced in Chapter
5 is both independent of all of the choices made in the course of its construction and
is also contained in Q,[G].

In Appendix B we formulate and discuss, for each integer r strictly greater than

14



one, a natural generalisation of “Serre’s p-adic Stark conjecture at s = 1”7 which relates

the leading terms of complex and p-adic L-functions at s = r.
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Chapter 2

Preliminaries
2.1 Algebraic Preliminaries

2.1.1 Notation

We fix an odd prime p and write Z, and Q, for the ring of p-adic integers and the
field of p-adic rationals respectively. We fix algebraic closures Q of Q and @p of Q,
and write C,, for the completion of Q,. We set Gg := Gal(Q/Q).

"h_roots of unity in Q.

For each positive integer n let p,» denote the group of p
For positive integers n and s we define left Gg-modules by setting Z/p"Z(s) := g
and Z/p"Z(—s) := Homgy(Z/p"Z(s),Z/p"Z), the latter endowed with the natural
contragredient (left) action of Gg given by o - 8(¢) = 6(c7'(()) for ¢ € Gg and
¢ € py. We also define Zy(s) = lim Z/p"Z(s) and Qp/Zy(s) = lim_., Z/p"Z(s).
For any Z,-module M that has an action of Gg we let MV denote the Pontryagin
dual Homy, (M,Q,/Z,) and M* the linear dual Homg, (M, Z,), each endowed with
the contragredient Gg-action. In particular we note that for each integer s there
is a natural isomorphism of Gg-modules Z,(s) = (Q,/Z,(—s))". If the Gg-module
M also has a commuting action of Z,[G] for some finite abelian group G, then it is
convenient for us to endow the dual Gg-modules M"Y and M* with the commuting

action of Z,[G] given by g-0(m) = 0(gm) for all g € G and m € M (note that this is

not the usual contragredient action of G but is nevertheless a valid left action since
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G is abelian).

Given any Z,-module we write M, for the Z,-torsion submodule of M, set M;; :=
M /M., and define the Z,-cotorsion part M., of M to be the quotient of M by its
maximal divisible subgroup. We often use the fact that the module (MVY)_,., is
canonically isomorphic to (Mtor)v.

For any group G and G-module N the submodule N¢ of N is the maximal submod-
ule of N upon which the action of (G is trivial. We also write N for the G-coinvariants
of N, the maximal quotient of N upon which G acts trivially.

If G is a finite abelian group, then we shall write y for both a complex, resp.
C,, character of G and also for the induced ring homomorphism C[G] — C, resp.
C,[G] — C,. We also use (often without explicit comment) the fact that taken
together these homomorphisms induce canonical ring isomorphisms C[G] = ] C
and C,[G] =[], C, where x runs over all irreducible complex characters of G and ¢
over all irreducible C,, characters of G. Given any such character x of G' we write e,
for the associated idempotent ﬁ > gea X(9)g~" of C[G], resp. C,[G]. We also write
Xo,g for the trivial character of G' and set eg 1= ey, ..

For any non-negative integer n and associative unital ring 2 we write K, (2() for
the algebraic K-group in degree n of Quillen as described by Srinivas in [58, §2]|. In

particular we recall that for 0 < n < 2 this group agrees with the low-degree algebraic

K-groups defined, for example, in [44], [60], or [37].

2.1.2 Perfect Complexes and Determinant Modules

The determinant construction of Grothendieck, Knudsen and Mumford (cf. |38, §1])
will be used throughout this thesis. The reader is referred to loc. cit. for full details

of this construction but for convenience we also give a brief summary below.
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Let A be any commutative unital Noetherian ring that decomposes as a product

of local rings A = .., % for some finite indexing set /. This decomposition induces

i€l
a corresponding decomposition for any finitely generated 2A-module M := @, ; M;
and M is then projective if and only if M; is a free ;-module for all ¢ in I (cf. [23,
Thm. A3.3]). Also recall that for any positive integer n the n™ exterior power Ay M
of an A-module M is such that if M is free of rank n then each choice of basis of M

induces an isomorphism of A-modules Ay M = A (cf. [39, Chapter XIX]).

Definition 2.1.1. Given any finitely generated projective -module P := @, , P,
for each index i € I we write rky,(F;) for the rank of the (free) 2(;-module P;. We

write rky(P) for the function I — Z which maps each i in I to rke,(F;).

Definition 2.1.2. A graded invertible 2A-module is a pair (M, f) comprising a free
rank one 2-module M and a function f : I — Z. From any two such pairs (M, f) and
(N, g) we obtain additional graded invertible 2-modules by setting (M, f)®u (N, g) =
(M @y N, f+g) and (M, f)~! := (Homg(M,21), —f).

For a finitely generated projective 2A-module P := @, _, P; we define the determi-

nant module of P to be the graded invertible 2A-module

iel

[Ply = (QB ( /\;zmi(Pi)H>,rkm(P)> .

For a bounded complex of finitely generated projective A-modules
P*:0—P*—...— P >0,

in which the term P* occurs in degree a, we define the A-determinant module [P*®]y

18



of P* by setting

Pl = QP

nez
We recall that the module [P®], depends (up to unique isomorphism) only upon the

quasi-isomorphism class of P* (cf. [38, Thm. 1]).

Definition 2.1.3. We call a complex C'* of A-modules perfect if it is quasi-isomorphic
to a bounded complex of finitely generated projective A-modules. We call an A-module
M perfect if it is both finitely generated and of finite projective dimension (ie. if the
associated complex M|0] is perfect). We denote by PMod(2() the category of perfect
complexes of A-modules and write DP(2) for the derived category of PMod ().

We call a complex of A-modules cohomologically-perfect if it is acyclic outside a
finite number of degrees and all of its cohomology groups are perfect 2A-modules. It
is well known (and straightforward to show) that a cohomologically-perfect complex
is automatically a perfect complex.

Given a perfect complex C'* we may choose a bounded complex P*® of finitely
generated projectives that is quasi-isomorphic to C* and set [C®|y := [P*]y. Then
the final sentence of Definition 2.1.2 implies that, up to unique isomorphism, [C*®]y

depends only upon C*. In particular given any perfect 2-module M we may set

We shall often make use of the following result.

Lemma 2.1.4. (|38, Thm. 2, Rem. b|) Given any cohomologically-perfect complex

C*® of A-modules there is a canonical isomorphism of graded invertible 2A-modules

(Cla = @ HM )]G

neL
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Finally we recall that for any commutative unital ring 2l and any perfect complex
C* of A-modules we may define the (projective) Euler characteristic of C* in the
following way. We fix a bounded complex of finitely generated projective 2-modules
P* that is quasi-isomorphic to C*® and define the Euler characteristic of C'* to be the
element ) . (—1)"[P"] of K¢(2(). This element is easily shown to be independent of

the choice of P°.

2.1.3 Fitting Ideals

Let 2 be a commutative unital Noetherian ring.
Definition 2.1.5. Given a finitely generated 2A-module M we choose an exact se-
quence of 2A-modules of the form

A L9e — M — 0. (2.1)

After fixing an A-basis of 2* we identify Ag(A*) with 20 and then define the 2(-Fitting

ideal (also known as the initial A-Fitting invariant) of M to be the ideal
Fitte(M) := Im(ALf) C 2.

Then Fitty (M) coincides with the ideal of 2 generated by all a x a-minors of the matrix
of f with respect to some chosen 2-bases of A® and A (and hence is independent of
the choice of these bases). It is also possible to show that Fittg(M) is independent

of the choice of free resolution (2.1) (cf. [46, Thm. 1]).
Lemma 2.1.6. Let M be a finitely generated A-module.
(i) Then Fitteg(M) C Anng(M).
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(11) Let A be a finitely generated Z,-algebra (which therefore satisfies the conditions
of §2.1.2) and set A := A ®yz, Q. If M is both finite and has projective dimen-
sion at most one, then Fitty(M) is an invertible A-module and the canonical
isomorphism of graded invertible A-modules [M[0] @a A]," = [0];" = (A,0)

induces an equality [M[0]]y" = (Fitta(M),0).

Proof. Claim (i) is well known.

Regarding claim (ii) we note that if M is a finitely generated 2A-module of pro-
jective dimension at most one, then there is an integer a and a surjection A* — M
with projective kernel P. If M is also finite, then, since 2 is as in §2.1.2, P is itself
a free A-module of rank a. We therefore obtain a complex of 2A-modules of the form
e L, g (concentrated in degrees —1 and 0) that is quasi-isomorphic to M[0]. This
implies that the ideal Fittg(M) is generated by the element det(f) € A* and so is
an invertible 2-module. Further, by definition of the determinant module, one has

[M[0]]g = [A%]y ®a [A%)y" There are therefore canonical isomorphisms

(M0]y" = 24y @ (A

12

(HOHIQ[(Q[, 2[)7 _a) @ [Im(f)]ﬂ
(Homa(2, %), —a) @a (/\, Im(f), a)

= (Homm(m7 Ql)v —CL) N (Im(/\g(f)u CL)

12

(2.2)

= (Hom%(m7 Ql)v _a’) X (Q[? CL) @ (Im(/\%f), O)

~ (Fitt(M), 0).

Here the first isomorphism uses the definition of [Ql“]g‘l, the natural isomorphism
N2l = 2 and the isomorphism A* = Im(f) induced by f; the second isomorphism

comes from the fact that Im(f) has rank a; the third equality is by definition of the
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tensor product of graded invertible 2A-modules; the final isomorphism is induced by
the isomorphism Homg (2, 2A) ®@g A = A and the definition of Fitty(M). It therefore
suffices to note that (as can be checked explicitly) the scalar extension of (2.2) agrees
with the isomorphism [M[0] @y A] ;" 22 [0]," = (4, 0) that is induced by the acyclicity

of the complex M[0] @y A. O

Lemma 2.1.7. Let A = Z,|G] and A := Q,|G] for a finite abelian group G and fix a

finitely generated A-module M.
(i) For any idempotent e of A one has Fittg.(M ®g Ae) = Fittg(M )e.

(ii) Define eys to be the sum of all primitive idempotents of A that annihilate M ®gA.

Then Fittye,, (M ®g Aepr) = Fittg(M)en = Fittg(M) C AN Aey,.

Proof. After fixing a free resolution of M as in (2.1) we obtain a free resolution of
2e-modules (2e)® 1, (Ae)* — M ®g Ae — 0 (since the functor — @g Ae is right-
exact). The image of f is equal to the projection of Im(f) from A to Ae. Hence
by the definition of the Fitting ideal one sees that Fitty.(M ®g Ae) is equal to the

projection of Fittg(M) in 2e. Hence claim (i) follows.

To prove claim (ii) it suffices to prove that Fitty (M) = Fitty (M )ey,. For each x in
Fitte(M) C 2 one has © = xep + (1 —epr) € A. Given any Q,-character x of G we
set e, 1= ﬁ Y 4G x(9)g~t € A. Now 1—ey = > e, where x runs over all irreducible
Q,-characters of G for which (M ®z, Q,)e, is non-zero and so it suffices to prove that
Fittg(M)e, = 0 for all such x. But for any such x the sequence (2.1) induces a free
resolution of 2e,-modules of the form (e, )" EN (Aey)* — M ®@g e, — 0 and since,
by assumption, e, does not annihilate M ®g A the 2Ae,-module M ®g¢ e, has rank

at least one. It follows that the 2e,-module Im(f) has rank at most a — 1 and hence
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that Fittee (M ®g Aey) = Im(/\%exf) is a torsion submodule of 2e,. Since e, is
torsion-free one therefore has Fittee, (M ®g Ae,) = 0 and hence, by claim (i), also

Fitty(M)e, = 0, as required. O

Lemma 2.1.8. (¢f. [52, Prop. 2.8]) Let G be a finite abelian group and for each
Z,|G)-module M endow MY with the G-action described in §2.1.1. Then one has
Fitty,jq (M) = Fittyjq (M) for every finitely generated Z,[G]-module M if and only

if the Sylow-p-subgroup of G s cyclic.

2.2 Field Theoretic Preliminaries

2.2.1 Notation

For any field K and any place w of K we denote by K, the completion of K at w.
We write K for a fixed separable closure of K.

For any finite Galois extension K/k of number fields with K C k and any set
of places ¥ of k we denote by 3(K) the set of places of K lying above those in .
If ¥ contains all archimedean places of k, then we write Ok 5; for the subring of K
comprising all elements that are integral at all places outside X(K). We also use the

following notation.

G = Gal(K/K) and Gy := Gal(K /k) = Gal(k/k).

S9. /i 18 the finite set of places of k comprising those which ramify in K/k and

all archimedean places.

Sk is the union of S?(/k and the set {v | p} of places of k which lie above p.
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e K is the cyclotomic Z,-extension of K.

e Given any finite set of places ¥ of k containing all places above p let My (K)
be the maximal abelian extension of K that is unramified outside of X(K) and

M?(K) the maximal abelian pro-p extension of K unramified outside of X(K).

e Given any finite set of places ¥ of k containing all places above p set Gg » =

Gal(Mx(K)/K), Gix = Gal(ME(K)/K) and Hg s := Gal(Ma(K)/K*).

When the field extension is clear from context we will often suppress the sub-
scripts. In particular we shall sometimes write S for Sk/k, G for Gk s, , and H for

HK,SK/k'

For any place w of K we let G\, C Gk be the decomposition group associated to

any choice of place of K lying above w. If w is non-archimedean we also write
e [, for the inertia subgroup of w in G,,, and
e f, for the Frobenius automorphism in G,,/I,,.

The group Gk s (and hence also G and each G,,) acts naturally on the group of
p-power-roots of unity ji,~(K) in K and we define the cyclotomic character Xcyelo :
Gk,s — Z;; to be such that if ¢ belongs to p, (K) then g(¢) = (Xeveol9) for every g in
Gk.s. We note that for each integer r the Gk s-modules Z,(r), Q,(r) and Q,/Z,(r)
identify with the groups Z,, Q, and Q,/Z, respectively, upon which each g in G g
acts as multiplication by Xeyco(g)" (cf. [45, Defn. 7.3.6]).

If K is any finite abelian extension of k in k that is unramified outside S, then for
each integer r we write Z,(r) for the G s x G-module Z,(r) ®z, Z,|G] upon which

G acts by multiplication on Z,|G] and Gy s acts diagonally (on the second term via

24



the natural projection G, — G). We also then set Q,(r)x = Z,(r)x ®z, Q, and

Qp/Zp(1) K = Zyp(r)K Xz, Qp/Zy = Qp(r) 1/ Zp(7) K -

For any set Y of places of K we denote by Y5, the free abelian group on the places

in ¥. For any positive integer s we let Yk s denote the G x Gal(C/R)-module

Yis = @ (2m0)°Z,

K—C

upon which G acts via pre-composition with the indexing maps and Gal(C/R) acts
diagonally via post-composition with the indexing maps and the natural action on

the coefficients. We write Y for the associated G-module of Gal(C/R)-invariants

(Yic.s) GaI(C/R),

S

For any number field K and prime p we write u(K, p) for Iwasawa’s “p-invariant”
for K and p as defined in [33]. We recall that Iwasawa has conjectured that p(K, p)
is always equal to 0 and that this has been proved by Ferrero and Washington [24] in
the case that K/Q is abelian.

2.2.2 (CM Extensions

Let K be a CM abelian extension of a totally real field k. For convenience we introduce

the following notation:

e K7 is the maximal totally real sub-field of K.
® G}/k = GK+/k

e T = T is the unique non-trivial element of the subgroup Gal(K/K*) C Gk .
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As before when there is no chance of confusion certain subscripts will be suppressed.

In particular we shall write S for Sk .

The focus of this thesis is on generalising results that were originally formulated
to relate to the values of L-functions at s = 1 rather than s = 0. For this reason it
is convenient to modify the usual notation for the parity idempotents e™ = HTT and

e~ = 557 in Z[4][q).

2

Definition 2.2.1. For any integer r we define

(where the last inclusion follows from the fact that p is odd).

We note that for any Z,[G]-module M, the submodule MeF is naturally a Z,[G]e:-
module and one has M = Me, @& Me, . In the sequel statements referring to Z,[Gle*

and Z,|G]e=-modules will often be referred to as statements about the “plus/minus-

part” as appropriate.

+

Remark 2.2.2. When 7 is odd, resp. even, one has e* = e*, resp. ef = ¢T. For any

integer r it is also clear that ef = ef .
Remark 2.2.3. Remark 2.2.2 implies that the restriction map G — G induces a

canonical isomorphism of rings

Z,Gle; if ris odd

Zy|Gle,  if r is even.



Remark 2.2.4. Given any finite abelian ramified extension L/k of totally real fields
we may choose a quadratic imaginary extension E of k that ramifies only at the
archimedean places and at (some of) the places that ramify in L/k. Then the field
K := EL is a CM abelian extension of k for which K+ = L and Sk = Stk Hence
via the isomorphism of Remark 2.2.3 if 7 is odd (resp. even) there is a one-to-one cor-
respondence between statements regarding Galois module structure for finite abelian
extensions of totally real fields and statements regarding Galois module structure for

the “plus-part” (resp. “minus-part”) of CM abelian extensions over totally real fields.

Lemma 2.2.5. Given any integer r one has a canonical isomorphism of Z,[G"]-

modules

efGks if ris odd

O+ =

e, Oks ifr is even.
Proof. It suffices to prove that e*Gg g is naturally isomorphic to Gx+ . Now since
T acts on Gi g by conjugation the quotient e Gr ¢ = Grs/(1 — 7)Gk.s is equal to
Gal(L/K) where L is the maximal extension of K inside M§(K) that is abelian
over K*. It is therefore clear that M&(K*)K C L, that L is CM and that the
maximal real subfield L™ of L is a pro-p abelian extension of Kt that is unramified
outside S and hence that L™ C Mg(K™). Putting these facts together one finds that
LT = MY(KT) and L = KME(K™) and hence that the kernel Gal(L/ME(K™)) of
the natural restriction map Gal(L/K") — G+ g has order 2. Thus, since Gal(L/K)
has index 2 in Gal(L/K™), the composite homomorphism e*Gx ¢ = Gal(L/K) C

Gal(L/K™") — Gg+ s is bijective. O
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2.2.3 L-functions

In this subsection we fix a finite abelian extension of number fields K/k and set
G := Gal(K/k). We also fix a finite set of places ¥ of k that contains all archimedean
places.

We regard the canonical ring isomorphisms C[G] = [[, C and C,[G] = [[,C,

that are discussed in §2.1.1 as identifications.

Definition 2.2.6. For each finite dimensional complex character y of G with rep-
resentation space V) and for each place w of K above a place v of k the Frobenius
element f, acts on the subspace V/*. On the half plane {s € C | R(s) > 1} we can

therefore define the X-truncated Artin L-function of y by setting

L) = [ dete(l — fuNo~ | Vi)t
vgED

(cf. [63]). We recall that there exists a unique meromorphic continuation of Lx(x;, s)
to the entire complex plane.

We also define the ¥-truncated equivariant Artin L-function of K/k to be the
unique meromorphic C[G]-valued function of the complex variable s obtained by

setting

LK/kz(S) = (Ls(x, 3>)x :

Definition 2.2.7. For each finite dimensional C, character ¢ of G the ¥-truncated
p-adic L-function of ¢ is the unique p-adic meromorphic function L, x(¢, ) : Z, — C,
such that for each strictly negative integer n and each field isomorphism j : C = C,

one has

Lyx(¢,n) = j (Ls(~ (¢~ w" "), n))
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where w : Gg — Z is the Teichmiiller character (cf. [16, §5.2] or [62, Chap. VI, §2]).
We also define the Y-truncated equivariant p-adic L-function to be the associated

meromorphic C,[G]-valued function

Lp72<8) = (Lp,2(¢7 S))(f) :
It will also be convenient to introduce the following slightly modified version of

the latter function.

Definition 2.2.8. We define the X-truncated “twisted” equivariant p-adic L-function

to be the meromorphic C,[G]-valued function

L,5(s) = (Lps(w' - ¢, s))¢.

Remark 2.2.9. An explicit comparison of definitions makes it clear that for each

strictly negative integer n, each field isomorphism j : C = C, and each C, character

¢ of G one has

A(Lpx(n)) = Lys(w' ™ - ¢,n) = j(Ls(57" 0 ¢, n)).
In Appendix B we shall in fact conjecture a precise relationship between the values
of these archimedean and p-adic L-functions at strictly positive integers.

For any meromorphic function f of either a complex or p-adic variable s and
any complex number r we will use f*(r) to denote the leading term of the Taylor

expansion of f around s = r.

29



Chapter 3
(Galois Cohomology and Tate-Shafarevic
Groups

3.1 Galois Cohomology

We first introduce some convenient notation which will be used throughout this thesis.

Definition 3.1.1.

e Given a cochain complex denoted by RI'.(R, N) for some symbol %, ring R and
module N we write H'(R, N) for the cohomology group of the given complex

in degree n.

e Given a symbol *, an integer r and a cochain complex RI'.(R,Z,(r)) of Z,-

modules we define
RL,(R,Qy(r)) = RL.(R, Z,(1)) ©2, Qy(r),

and

RT.(R,C,(r)) := RT.(R,Z,(r)) @z, Cy(r).

We note that if RI'.(R,Z,(r)) has an action of some group G then there is an
induced G-action on both RI',(R,Q,(r)) and RI'.(R,C,(r)).
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e Let K/k be a finite abelian extension of number fields and ¥ a finite set of
places of k. Let N be a topological G,-module for each place w of K lying
above a place in X. Given an integer n, a symbol *, and for each w € %(K) a

group H(K,, N) we define

POz, N):= @ H!K., N).

weX(K)

3.1.1 Continuous Cochain Cohomology

For a commutative unital ring 2 the basic definitions and properties of cochain com-
plexes of A-modules can be found, for example, in |64, §1.1]. For a pro-finite group
G and topological G-module N the basic definitions and properties of the continuous
homogeneous cochain complex C*(G, N) that we will use can be found in [45, Chap.
I1, §1-2].

Henceforth let K/k be a finite abelian extension of number fields with G :=
Gal(K/k) and write S for the (finite) set consisting of all places of & which ramify
in K/k, all archimedean places of k, and all places of k lying above p. Recall that
Gk, denotes the galois group over K of the maximal extension of K inside K that is
unramified outside of S(K). Recall also that for each place w of K the decomposition

group corresponding to some place of G lying above w is denoted by G,,.

Definition 3.1.2. For any topological Gk s-module N we set

RF(OKys, N) = C.<GK,5‘7 N)
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Given any place w of K and any G,-module N we also set
RU'(Ky,N) :=C*(Gy, N).

Remark 3.1.3. A topological Gk s-module N is a topological G -module (via the
forgetful functor) and hence also a topological G,,-module (by restriction). Thus for
any such module NV and any integer n the group P"(Ok g, N) introduced in Definition
3.1.1 is well-defined.

Remark 3.1.4. For all integers n and r the natural conjugation action of G on G g
induces an action of Z, |G| on each of the groups H"(Ok s, Z,(1)), H"(Ok.s, Qp/Zy (1)),
P"(Ok,g,Zy(r)) and P"(Ok,s,Q,/Z,(r)).

3.1.2 Compact Support Cohomology

Definition 3.1.5. Given any topological G'x s-module N we follow Burns and Flach
[11] in defining the compact support cohomology complex to be a complex of Gk s-

modules which lies in an exact triangle

RT(O,s,N) — R[(Oks,N) - @ RI(K,,N)— (3.1)

weS(K)
in which the second arrow is induced by the natural localisation maps.
In the sequel we shall make much use of the following easy observation.

Lemma 3.1.6. Given any topological G i s-module N the compact support cohomol-

ogy group H?(Ok.s, N) is zero.

Proof. For each place w in S(K) it is an immediate consequence of the definition

of the complex RT(K,,N) that the module H !(K,, N) is zero. The long exact
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cohomology sequence associated to the exact triangle (3.1) therefore induces an iden-
tification of H2(Ok s, N) with the kernel of the natural localisation homomorphism
H(Oks,N) — P*(Okgs,N).

Now H°(Oks, N) is canonically isomorphic to N9%s and P°(O.g, N) is canon-
ically isomorphic to @, . S(K) NGv . Further, since G,, is a subgroup of Gx and G
acts on N through its quotient G g, with respect to these isomorphisms the local-
isation homomorphism H°(Ok.g, N) — P°(Oks, N) identifies with the (injective)

diagonal map N“<5 — @@, g ) N“. Hence H)(Ok s, N) = 0, as claimed. O

3.1.3  Finite Support Cohomology

The finite support cohomology was introduced by Bloch and Kato in [6] and is de-
scribed in detail by Burns and Flach in [11, §3.2|. For the convenience of the reader,

we give only a brief review here referring to the indicated references for further details.
Definition 3.1.7. Let r be an integer.

e For each place w of K the finite support cohomology complex for the G,,-module

Q,(r) is defined by setting

RI(K,, Q,(r)), if w | oo,
R (K, Qp(r)) == q |Qp(r)" s TN Qu(r)f»|, ifwtooand w{p,
\(B' ® Q,(r))Cx, ifw|p

where B*® is the canonical complex (concentrated in degrees 0 and 1) that is

defined in (6, Prop. 1.17].

e For each place w of K we write RI' (K, Qpy(r)) for a complex of Q,[G]-modules
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which fits into an exact triangle

RU¢(Ky, Qp(r)) — RU(Ky, Qp(r)) — RF/f(Kwan(T)) e (3.2)

where the first arrow is a canonical morphism constructed in [11, §3.2]. We note

that if w is archimedean, then RI'/;(K,,, Q,(r)) is acyclic.

e The finite support cohomology complex for the Gk s-module Q,(r) is defined

so as to lie in an exact triangle

RT (K, Qy(r)) = RD(Oks,Qu(r) — €D RL/p(Ku,Qy(r)) = (3.3)

weS(K)
wfoo

where the second arrow is the morphism induced by the composite of the natural
localisation morphism RI'Ok.s, Qy(r)) — @Dyesir) BT (Kw, Qp(r)) with the

second arrow of the exact triangle (3.2).

In general the finite support cohomology complex is not defined for the module
Zy(r) (rather than the space Q,(r)). Nevertheless, for each place w of K it is always
possible to define the finite support cohomology group in degree 1 for the GG,, module

Zy(r) as follows.

Definition 3.1.8. Given any non-archimedean place w of K one has H?f(Kw, Qp(r)) =

0 and so the triangle (3.2) induces a canonical injection
H}(-Kw’Qp(T)) - Hl(Kpr(r))' (3.4)

We use this map to identify its domain with its image and then make the following

definitions.
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e For each non-archimedean place w of K define H}(K,,Z,(r)) to be the full pre-
image of H} (K, Q,(r)) under the natural map H' (K, Zy,(r)) — H' (K, Qy(r)).

e For each non-archimedean place w of K define H}(Ky,Q,/Z,(r)) to be the

image of H}(Ky,Q,(r)) under the natural homomorphism H'(K,, Q,(r)) —
HY (Ko, Qy(r)/Zy(r)).

e For each archimedean place w of K define both H}(Ky,Z,(r)) and H}(Ky,
Q,/Zy(r)) to be zero.

e Given any place w of K we set H}(Ky, Zy(r)) := H' (Ku, Zy(r)) [ H} (K, Zy(7))
and H/1f<Kw:@p/Zp(r)) = H1<Kw:@p/zp(r))/H}(Kwa Qp/Zy(r))).-

e Define the module H}(K,Z,(r)) to be the kernel of the natural composite ho-

momorphism H'(Ok s, Z,(r)) — P (Ok.s,Z,(r)) — P/lf(OKS, Zp(1)).

Remark 3.1.9. Let r be an integer strictly greater than one. Then in [6, Ex. 3.9]
Bloch and Kato show that for any place w of K the injection (3.4) is an isomorphism.

In this case therefore one has:
o Hi(Ky,Zy(r)) = H'(Ky, Zy(r)) for each place w of K.

o !

71 (Kw, Zy(r)) = 0 for each place w of K.

o H}K,Zy(r)) = H(Ok.s,Zy(r)).

3.2 Tate-Shafarevic Groups of Tate Motives

We fix a finite abelian extension of number fields K/k with G := Gal(K/k) and a
finite set of places S of k containing all archimedean places, all places above p and

all that ramify in K /k.
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3.2.1 Definitions and Basic Properties

We recall now the two types of Tate-Shafarevic groups that are to be used in this
thesis. The first is the Tate-Shafarevic group in the sense of Neukirch, Schmidt and

Wingberg.

Definition 3.2.1. Given any positive integer n and any topological G g s-module N
the ‘Tate-Shaferevic group in degree n’ of Ok g and N is denoted by III"(Ok s, N)
and is defined in [45, Defn. 8.6.2] to be the kernel of the natural localisation homo-

morphism H" (Oks,N) — P"(Oks,N).
The second is the Tate-Shafarevic group in the sense of Bloch and Kato.

Definition 3.2.2. The Bloch-Kato-Selmer group Sel(Z,(r)x) of the module Z,(r)k

is defined in [6] to be equal to the kernel of the composite homomorphism

Hl(OK,Sva/ZpO")) - Pl(OK,&Qp/Zp(T)) - P/1f<OK,Sa@p/Zp(T))-

We recall also that the definition in loc. cit. of the Bloch-Kato Tate-Shafarevic group

I(Z,(r) k) of the module Z,(r)x ensures that it is equal to Sel(Z,(r)x) (cf. [28,

cotor

Chap. II, 5.3.4-5.3.5]). We note that both Sel(Z,(r) k) and III(Z,(r) k) are naturally
Z,|G]-modules.

We shall make much use of the following result of Flach (from [25, Thm. 1]).

Proposition 3.2.3. For each integer r there is a canonical isomorphism of Z,[G]-

modules

I(Zy(r)x) 2= T(Zy(1 — 7)x)".

Throughout this thesis we will use both types of Tate-Shafarevic groups and so it

is convenient to describe the relationship between them.
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Lemma 3.2.4.

(i.) For any integer r there exists a natural surjection of Z,[G]-modules

H?(Ok.5,Zy(1)) = Sel(Zy(1 — 1)) ".

(11.) If r is strictly greater than one then there are canonical isomorphisms of Z,[G|-

modules

Sel(Zy(1 — 1)) = II*(Ok,s, Zy(r)) = M(Zy(1 = 1)) = TL(Zy(r) k).

Proof. From the very definition of H}(K , Z,(r)) there exists a natural exact sequence
0 — H}(K,Zy(r)) = H Ok, Zy(r)) — P}+(Ok,s,Zy(r)) and hence also a canon-
ical homomorphism a : H}(K,Zy(r)) — Pj(Ok.s,Zy(r)). Combining this with the
long exact cohomology sequence associated to the exact triangle (3.1) one obtains a

commutative diagram

HY(Ok.s,Zp(r)) —= P (Ok.s,Zy(r)) —= HZ(Ok.s, ZLy(r))

H}(K, Zy(r)) —> P}(Ok.s,Zy(r))

in which the top row is exact. Hence there exists an exact sequence of the form
Hi(K,Zy(r)) = P;(Ok,s,Zy(r)) — HZ(Ok,s, Zy(r)) — Cok(a/) — 0. (3.5)

Now for each place w in S(K') the local duality theorem of [45, Thm. 7.2.1] gives a
canonical isomorphism H' (K, Z,(r))" = H'(K,, Q,/Z,(1—r)) which in turn induces

a canonical isomorphism between H}(Kw,Zp(r))v and H/lf(Kw,Qp/Zp(l —r)). By
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combining the Pontryagin dual of (3.5) with the Artin-Verdier duality theorem (cf.

[43, Chap. II, Cor. 3.2]) we therefore obtain a natural exact sequence
0 — Cok(e)” = H'(Or5,Qu/Zy(1 = 1)) = Ply(Orcs, Qu/Zy(1 —1)).

But Sel(Z,(1 — r)k) is defined to be the kernel of the last map and so Cok(o/) is
isomorphic to Sel(Z,(1 —r)x)". The sequence (3.5) therefore induces a short exact
sequence

0 — Cok(a) — H*(Ok.s5,Z,(r)) — Sel(Z,(1 —r)g)" — 0, (3.6)

as required by claim (i).

To prove claim (ii) we assume that » > 1. Then Remark 3.1.9 implies that in this
case the canonical injections H (K, Zy(r)) — H'(Ok s, Zy(r)) and P;(Ok,s, Zy(r)) —
PY(Oks,Z,(r)) are both bijective. Hence (3.6) combines with the long exact se-
quence of the distinguished triangle (3.1) to imply that Sel(Z,(1 —7)x))" is isomor-
phic to the image of the natural homomorphism H2(O s, Z,(r)) — H*(Ok s, Zy(r))
and therefore also to II?*(Ok.s,Z,(r)). Now by Lemma 3.2.5 (below) the group
H?*(Ok.s5,Z,(r)), and hence also its subgroup I11%(Of s, Z,(r)) = Sel(Z,(1 — 7)k))",
is finite. This implies that Sel(Z,(1 —7)k)" is equal to (Sel(Z,(1 — 7)) cotor)’ =
1(Z,(1 — r)x)" and also gives a natural isomorphism of the form I11?(O s, Z,(r)) =
1(Z,(1 —7)k)". The final isomorphism in claim (i) follows directly from Proposi-

tion 3.2.3. This completes the proof of claim (ii). O

Before proving the next result we recall that for any number field K, any odd
prime p, any finite set of places ¥ of K containing all archimedean places and all
places lying above p, and any integers n and r with n € {1,2} and r > n Soulé [57]

and Dwyer-Friedlander [22] have defined canonical “Chern-class” homomorphisms of
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the form

Ch?(,Z,p,n . KQT,n (OK,E> ®Z Zp — H" (OK,E; Zp(r)) . (37)

We further recall that these homomorphisms have been shown to to be surjective and
to have finite kernel and in particular therefore that the induced homomorphisms

chi 5, ®2,Q, are bijective.
Lemma 3.2.5. Ifr > 1, then the group H*(Ok.s, Z,(r)) is finite.

Proof. If r > 1, then Ky, _2(Ok s) ®z Z, is finite by work of Borel [7]. The claimed
result therefore follows immediately from the bijectivity of chj g, ,®z,Q, and the

fact that H?(Ok.s,Z,(r)) is a finitely generated Z,-module. O

3.2.2  The Quillen-Lichtenbaum Conjecture and Wild Kernels

If one wants to describe explicitly the groups III(Z,(r) ), then Flach’s duality result
(Proposition 3.2.3) allows a reduction to the case that r is strictly positive. Further,
in [25, Ex. p.122-123| Flach has shown that there is a canonical isomorphism of

Z,|G]-modules of the form

Cl(Ok) @z Z, = I(Z,(1) k).

Given any integer r with r > 1 it is therefore natural to ask whether there is an
analogous description of II(Z,(r)k). To investigate this question we first need to
determine an appropriate analogue of Cl(Ok) ®z Z,. In this regard we recall that for
each r > 1 Banaszak has defined in [3, §I, Defn. 1] a natural subgroup K% _,(Ok),
of Ky,_9(Ok) ®z Z, which is called the ‘p-adic wild kernel’. It is defined to be the
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kernel of a natural homomorphism

Ky o(K) @z Zy — @(Qp/zp(r — 1))

where w runs over all places of K. To explain why we feel that K3 _,(Ok), is the
natural analogue of Cl(Ok) ®y Z, we first recall the following well-known conjecture

of Quillen and Lichtenbaum.

Conjecture 3.2.6 (Quillen-Lichtenbaum). (cf. [35, Introduction])
For any odd prime p, any number field K and any finite set of places ¥ of K
containing all archimedean places of K and all places lying above p, the chern class

maps chi s, . are bijective for both n € {1,2} and all r > 1.

Lemma 3.2.7. Fix an integer v with r > 1. If K wvalidates Conjecture 3.2.6 for p

and r and with n = 2, then chi g, induces a canonical isomorphism
Ky o(Ok)p = T(Zy(r) ).

Proof. For any place w € S(K), local duality (cf. [45, Thm. 7.2.1]) gives a natural
isomorphism of the form H?(K,, Z,(r)) = ((Q,/Z,(1 — r))%)". Since chdo(g_l) =
—Xiy_gl"o(g) for each g € G,, there is also a canonical isomorphism ((Q,/Z,(1 — r))%)"

>~ (Qp/Zy(r—1))“. Taking this into account one finds that if ch g, is bijective, then
the localisation homomorphism p? : H*(Ok s, Zy(1r)) — P?*(Ok.s, Z,(r)) corresponds

to the composite map

X, Ap
Kp . KQT»_Q(OKVS) Xz Zp - KQT’—Q(K) ®z Zp -

D Q/Z(r—1)% 5 B Q/Z,(r — 1), (3.8)

weX(K) weS(K)
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where )\ is the localisation map in K-theory, A, the map in [3, Th. 2|, ¥(K) the
set of all places of K and for any subset S’ of ¥(K') we write mg for the projection
Duesi) Q/Zp(r — 1) — D Qp/Zy(r — 1)». But from the exact localisa-
tion sequence of K-theory one knows that A} is injective and has image equal to
ker(Ts(xn\s(x) © Ap) (cf. [3, 8II1.1]) and this implies that A} induces an isomorphism
II*(Ok,s, Zy(r)) := ker(r,) = ker(A, o A7) = ker(),) =: K5, _5(Ok)p. The claimed

isomorphism K3 ,(Ok), = HI(Z,(r)k) therefore follows from Lemma 3.2.4(ii). [
Remark 3.2.8.

(i) When r = 2 the Quillen-Lichtenbaum conjecture (Conjecture 3.2.6) is known to
be true for n = 2 by work of Tate [61] and for n = 1 by work of Levine [40] and

Merkuriev and Suslin [42].

(ii) Suslin and Voevodsky [59] have proved that the Quillen-Lichtenbaum conjecture
is implied by the Bloch-Kato conjecture described in [29]. We understand that
this conjecture of Bloch and Kato (and hence also Conjecture 3.2.6) has recently

been proved unconditionally in unpublished work of M. Rost and C. Weibel.

3.2.3 The Conjectures of Leopoldt and Schneider

We first recall (from, for example, [45, Conj. 10.3.5]) that Leopoldt’s conjecture for
K at p asserts that the p-adic regulator rank of K (as defined in [45, Defn. 10.3.3])
is equal to ry + r9 — 1, where r; is the number of real places of K and r, the number
of complex places of K. We further recall that HI*(Ok 5, Q,/Z,) = H*(Ok.5,Q,/Z,)
and that it is known that K validates Leopoldt’s conjecture at p if and only if the group
H?*(Oks,Q,/Z,) vanishes (cf. [45, Thm. 10.3.6, Rem. p.550]). Partly motivated
by these observations, in [50] Schneider formulated the following generalisation of

Leopoldt’s conjecture.
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Conjecture 3.2.9 (Schneider’s Conjecture for K at r and p). If r is any non-zero

integer then the cohomology group H*(Ok.s,Q,/Z,(1 — 1)) is finite.

The following observations regarding Schneider’s Conjecture will be useful in the

sequel.
Lemma 3.2.10.

(i) If r is any strictly negative integer and p any prime, then Schneider’s conjecture

for K at r and p is valid.

(ii) K walidates Schneider’s conjecture at a non-zero integer r and an odd prime p

if and only if the group III'(Ok 5, Z,(r)) vanishes.

(111) If K is a CM abelian extension of a totally real field k and r is strictly greater

r

than one, then the group I (O s, Z,(1))e,” vanishes.

(i) If L/k is a finite abelian extension of totally real fields and r is a strictly positive

even integer, then Schneider’s conjecture holds for L at r and p.

(v) If K is a CM abelian extension of a totally real field k, K is the mazimal totally
real subfield of K and r is a positive odd integer, then Schneider’s conjecture

holds for K at r and p if and only if it holds for K™ at r and p.

Proof. Claim (i) is proved by Soulé in [57] (see, for example, [3, Lem. 1]).

To prove the remaining claims we note first that the group ' (O s,Z,(r))
is torsion-free, and hence vanishes if and only if it is finite. To show this we set
Y :={v € S| vtoo} and observe that since r # 0 the groups H°(Ok. s, Q,(r))
and P°(Okyx,Q,(r)) both vanish and hence that the long exact cohomology se-
quence induced by the short exact sequence 0 — Z,(r) — Q,(r) — Q,/Zy(r) — 0

induces canonical isomorphisms H'(Oks, Z,(r)),,. = H*(Ok,s,Qp/Zy(r)) and also
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PY Ok 5 Lp(r)or = PH(Ok.x, Zp(7)) 1o = POk, Qu/Zyp(r)) € P (Ok,5, Qp/ Ly (1))
There is therefore a canonical injection I (O s, Zy(1)),,, — HY(Ok,s,Qp/Zy(r)).
But H(Ok s,Q,/Z,(r)) vanishes (by Lemma 3.1.6) and so the group IIT* (O 5, Z,(r))
is torsion-free, as required.

Next we note that Poitou-Tate duality implies that II'(Og g, Z,(r)) is isomor-
phic to MI*(Ok.s,Q,/Z,(1 —7))" (cf. [45, Thm. 8.6.8]). In addition, for each
place w of K the group H?*(K,,Q,/Z,(1 — r)) vanishes (cf. [45, Cor. 7.2.6]) and
so UI*(Oks,Q,/Z,(1 — 1)) = H*(Ok.5,Q,/Z,(1 — r)). Tt follows that the group
H?*(Ok5,Q,/Z,(1 — 1)) is finite if and only if IIT*(Ok g, Z,(r)) is finite which, by
the observation made above, is equivalent to the vanishing of III*(Ok g, Z,(r)). This
proves claim (ii).

We assume now that » > 1. Then the chern class map (3.7) for r and n = 1
induces an isomorphism of Q,[G]-modules H'(Of s, Q,(r)) = Ko 1(Ok.s) @7 Q,.
Further, since r > 1, there is also a canonical isomorphism of groups Ky,_1(Ok ) =
Ky 1(Ok) (see, for example, [17, Prop. 5.7|). Hence by Lemma 3.2.12 (below) we
see that the group II' (O s, Z,(r))e, is finite and hence, since it is also torsion-free,
vanishes. This proves claim (iii).

For claim (iv) we fix a quadratic imaginary extension E of k that is unramified
outside the given set S. Then the field K := FL is a CM field with maximal real

subfield L. Further, since r is even, one has e, = e’ (by Remark 2.2.2) and so the

canonical descent isomorphisms of [15, §3.1] give isomorphisms H*(Of s, Z,(1))e, =
HY(Op5,Z,(r)) and PY(Ok s, Z,(r))e, = PYOL.s,Z,(r)) and hence also a canonical

isomorphism 1Y Oy, g, Z,(r)) = Y (Ok.s, Z,(1))e,

. The latter group vanishes by
claim (iii) and so the validity of Schneider’s conjecture for L at p and r follows from

claim (ii). This proves claim (iv).
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To prove claim (v) we assume that K, Kt and r are as given and use the direct
sum decomposition I (O s, Z,(r)) = TN (Ok s, Z,(1))e, @I (Ok 5, Z,(r))e; and
the isomorphism I (O g, Z,(r))e,” = HIN(Ok 5, Zy(r))et = IO+ g, Zy(r)) that
is established just as in the last paragraph (using the fact that r is now odd). By
combining these facts with claims (i) and (ii) it follows that Schneider’s conjecture is
valid for K at r and p if and only if the group IIT'(Ok+ g, Z,(r)) vanishes, which by
claim (ii) is in turn true if and only if Schneider’s conjecture is valid for K+ at p and

r. This proves claim (v). O

Remark 3.2.11. Following upon Lemma 3.2.10(i) and (iii) it is important to note
that if » > 1, then Schneider’s conjecture for K at r and p is still very much open.
Indeed, our earlier observations make it clear that Schneider’s conjecture for K at

r =1 and p is equivalent to Leopoldt’s conjecture for K at p.
Lemma 3.2.12. Let r be an integer strictly greater than one.

(i) The Beilinson regulator induces a canonical isomorphism of R[G]-modules

Ry Kopy (OK) ®z R = YI;"—,r—l ®z R. (39)

(ii) There exists an isomorphism of Q[G]|-modules

Ky 1(0Ok) ®7,Q = Y;ér_l ®z Q.

(11i) If K is a CM abelian extension of a totally real field k, then Ky._1(Ok)e, is

finite.

Proof. Claim (i) is proved in [9, §10] and claim (ii) follows directly upon combining

the isomorphism of claim (i) with Deuring’s theorem (cf. [19, Thm. 29.7]).

44



Claim (ii) implies that claim (iii) is valid if e,” annihilates Y{ _; ®z Q. But G,
resp. Gal(C/R), acts on Yi, 1 = @y .c(2m)"'Z via pre-composition with the
indexing maps, resp. diagonally by the natural action on the coefficients and by post-
composition with the indexing maps, and hence the unique non-trivial element 7 of
Gal(K/K™) acts on Y}, _, like multiplication by (—1)"~'. It is therefore clear that

1+(=1)"r 1—(=nr—!

the idempotent e, = ——=— = 5—— annihilates Y;} _; ®z Q. O
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Chapter 4
The Generalised Iwasawa Main Conjecture

and Gras-Oriat-type Annihilators

Let k be a totally real number field and K a finite abelian extension of k that is either
totally real or a CM field. Let S denote the (finite) set of places of k comprising all
which ramify in K/k, all archimedean places and all places which lie above p.

If K is totally real, then in this chapter we shall use the leading term at s = 1
of the equivariant S-truncated p-adic L-function of K/k to construct elements of
Z,|Gal(K/k)] that annihilate the ideal class group of K. This result is a natural
strengthening of results of Oriat [47, Thms. A & B| which were themselves an ex-
tension of previous work of Gras. If K is a CM field, then for each integer r strictly
greater than one we shall also prove that the values at both s = r and s = 1 —7 of the
“twisted” equivariant S-truncated p-adic L-function of K /k can be used to construct
elements of Z,[Gal(K/k)] that annihilate the Tate-Shafarevic group HI(Z,(r)x).

We prove these results by combining a special case of the generalised main conjec-
ture of Iwasawa theory (which we prove in §4.2) together with a natural generalisation
of an algebraic result of Snaith (which is joint work with David Burns and is both
stated and proved in §4.3) and an explicit description of the étale cohomology groups

H(Ok,s,Zy,(r)) for each non-negative integer n and non-zero integer r.
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4.1 Statement of the Main Results

Since p is fixed, for any finite group H we write /g for the kernel of the Z,-module
homomorphism ey : Z,[H| — Z, which maps each element of H to 1. We also write
K= for the cyclotomic Zy-extension of A and abbreviate the Galois groups Gr s, ,
and Hg g, I introduced in §2.2.1 to G and Hy respectively. We shall use both the
equivariant S-truncated p-adic L-functions L, s(s) introduced in Definition 2.2.7 and

the twisted version £, ¢(-) of these functions introduced in Definition 2.2.8.

4.1.1 Thecaser =1

The following result will be proved in §4.5.

Theorem 4.1.1. Let L/k be a finite abelian extension of totally real number fields.
Let H(L) denote the Hilbert class-field of L and write Cliw)(Oy) for the subgroup of
Cl(Op) which corresponds via class field theory to Gal(H(L)/H (L) N L*>). Assume
that Leopoldt’s conjecture holds for L at p and that L is the maximal totally real
subfield of an abelian CM extension K of k which is unramified outside of S = Sy,

and such that u(K, p) vanishes. Then
Ly, s()I& € Annge)(H1) © Annge(Clio) (OL)) @z Z, (4.1)

and

L;;ys(l)lg C Anngg)(CLH(OL)) ®z Zy, (4.2)

If, in addition, the Sylow p-subgroup of G is cyclic, then

L, s(1)Ig = Fittz(Hr) € Annge(Clioe)(OL)) @2z Zy (4.3)
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and

Ly s(D)Ig € Annge)(Cl(OL)) @z Z,. (4.4)

Remark 4.1.2.

(1)

(iii)

Let L/k be a finite abelian extension of totally real fields for which there exists
a quadratic imaginary extension E of k such that E/k is unramified outside
Stk and p(EL,p) = 0. Then L is the maximal totally real subfield of the CM
field K := EL and the abelian extension K/k is unramified outside of Sy ;. In
particular, if Leopoldt’s conjecture holds for L at p then we may apply Theorem

4.1.1 to the extension L/k.

If in the setting of Remark (i) we also assume that L/Q is abelian, then K/Q
is also abelian so that both p(K,p) = 0 (by Ferrero-Washington [24]) and L
validates Leopoldt’s conjecture at p (by Brumer [8]). Theorem 4.1.1 is therefore

unconditional in this case.

If H(L)NL*>* = L (which is true, for example, if L>°/L is totally ramified), then
Clis)(Or) = CI(Op) and so the inclusions (4.1) and (4.3) are strictly stronger
than those of (4.2) and (4.4).

The following consequence of Theorem 4.1.1 is a strengthening of the main results

of Oriat in [47].

Corollary 4.1.3. Let L be a non-trivial totally real cyclic extension of Q, ¢ a primi-

tive |G|™ root of unity and x : G — @X a faithful character of G. Let X be the natural

extension C,|G] — C, of x. Then

(1 =QLy(x; 1) € Fittz(Hi @z,jc)5 Zp[C]) (4.5)
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and, if |G| is not a power of p, also

Ly(x, 1) € Fittg, (ML @z,jc1.5 ZplC])-

Proof. Since G is cyclic Remark 4.1.2(ii) implies that the equality L; o(1)lg =
Fittz o) (Hy) is valid unconditionally. Next we note that since G is not trivial the
(faithful) character y is not the trivial character and so the leading term of the func-
tion L, s(x;s) at s = 1 is equal to its value L, s(x,1) at s = 1: the image of Ly 4(1)
under x is therefore equal to L, s(x, 1).

We now let g be the generator of G for which x(¢) = ¢. Then one has both
I =7,[G] - (1 —g) and X(1 — g) = 1 — (. By projecting the equality of (4.3) under

x we therefore obtain a containment

(1= ¢)Lys(x, 1) € Fitty e (Hr @265 ZplC]) - (4.6)

To deduce (4.5) from this it only remains to show that L, s(x,1) = L,(x,1). But
if ¢ is any prime which ramifies in L/Q, then for each g-adic place w of L the inertia
group I, is non-trivial and so the space V;w vanishes (since y is faithful) and hence
the associated Euler factor det(1 — f,q~' | VJ*) is equal to 1.

Finally we note that if |G| is not a power of p, then the element 1 — ( is a
(cyclotomic) unit of Z,[¢] and so (4.6) implies that the element L,(x, 1) belongs to

Fittz,j¢ (HL ®z,jc).% ZP[C]) , as required. O

Remark 4.1.4. With L as in Corollary 4.1.3 we write M, (L) for the maximal abelian
pro-p extension of L that is unramified outside of the places lying above p. Then
L> C My(L) C MgL/Q(L) and so Gal(M,(L)/L>) is a quotient of Hy. Given this

observation, it is immediately clear that the result of Corollary 4.1.3 is stronger than
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the main results (Theorems A and B) of Oriat in [47].

4.1.2 Thecaser >1

In the following result we use the "twisted" equivariant p-adic L-functions £, s()

introduced in Definition 2.2.8. This result will be proved in §4.6.

Theorem 4.1.5. Let K be a CM abelian extension of a totally real field k and set
G := Gal(K/k). Let r be an integer strictly greater than one for which Schneider’s
conjecture (Conjecture 3.2.9) holds for K at r and p. Assume also that K contains

a primitive p™ root of unity and that the p-invariant u(K,p) vanishes.

(i) One has

Lp,s(r) Anng,e)(Zy(r = ey ) + £5,5(1 = 7) Anng,ig)(Zy(=7)a )

€ Anng g (HI(Zy(r)k)) -

(ii) If the Sylow p-subgroup of G is cyclic, then also

£,5(r) Anng ;¢ (Zy(r — 1), ) € Fittg o (HLH(Zy(r)k)) -

(111) If the Quillen-Lichtenbaum conjecture (Conjecture 3.2.6) holds for r and n = 2,
then we may replace 1(Z,(r) k) in claims (1) and (ii) with the p-adic wild kernel
Kévr—z(OK)p'

Remark 4.1.6. If K is abelian over Q, then pu( K, p) vanishes (by Ferrero-Washington
[24]) and so Theorem 4.1.5 is conditional only upon the validity of Schneider’s con-

jecture for K at r and p.
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4.2 The Generalised Iwasawa Main Conjecture

The key to our proof of Theorems 4.1.1 and 4.1.5 is an explicit formula for the
Z,|G]-ideal generated by the leading term at an integer r of the equivariant p-adic
L-function in terms of the determinant of a canonical perfect complex. This result
is stated below as Theorem 4.2.1 and will be proved in this section. In fact we shall
explain in Appendix B that, modulo the validity of Serre’s p-adic Stark Conjecture at
s = 1, resp. of a natural generalisation of this conjecture dealing with leading terms at
integers strictly greater than one, the result of Theorem 4.2.1 for » = 1, resp. r > 1, is
equivalent to a special case of the equivariant Tamagawa number conjecture of Burns
and Flach. Since G is abelian, this result is therefore also a natural refinement of a

special case of the Generalised Iwasawa Main Conjecture formulated by Kato in [36].

4.2.1 Statement of the leading term formula

Theorem 4.2.1. Let K be a CM abelian extension of a totally real field k. Fix
an integer r, denote by el the sum over all primitive idempotents of Q,[G]| which

annihilate the space H?(Ok s,Q,(r)) and set A = ZP[G]e,(no).
(i) One has e&o)ejf =e?.

(ii) If w(K,p) vanishes, then there is an equality of graded invertible 9150)(1 —eq)-

modules

-1

| RTo(Oxcs, 2 (1)) 95,1y A (1 = )] = (1= e)" L 5(1),0).

A0 (1—eq)

(iii) If r # 1, u(K,p) vanishes and K contains a primitive p™-root of unity then
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there exists an equality of graded invertible Ql,(no)—modules

-1

[RFC(OK,Sa Zp(ﬂ)e?("o)} A (911(”0)2;%5(7”), 0).

4.2.2  The proof of Theorem 4.2.1(i)

It is well known that the cohomological dimension of the groups Gk s and G, for
each place w in S(K) is equal to 2 (cf. [45, Thms. 7.1.8 & 10.9.3]). From the
long exact cohomology sequence of the exact triangle (3.1) it is therefore clear that
H(Ok.s,Q,(r)) vanishes for all n > 3. But by Lemma 3.1.6 one also knows that
the space H(Ok s, Q,(r)) vanishes and so the complex RI.(Ok. s, Q,(r)) is acyclic
outside of degrees 1, 2, and 3.

Next we recall from Fukaya and Kato [30, Prop. 2.1.3] that the Euler characteristic
of RT'.(Oks,Qu(r)) in Ko(Q,[G]) is zero. Since the algebra Q,[G] is semisimple
this implies that classes [H?(Ok s, Q,(r)] and [H(Ok.s,Q,(r)) ® H}(Ok s, Q,(1))]
coincide in Ko(Q,[G]) and hence that H?(Oks,Q,(r)) is isomorphic as a Q,[G]-
module to the direct sum H!(Ok.s,Q,(r)) & H3(Ok.5,Q,(r)). We note in particular
that, for any character x of G, the idempotent e, annihilates H?(Ok s, Q,(r)) if and
only if it annihilates both H!(Ok.s,Q,(r)) and H3(Of s, Q,(r)). In the sequel we fix
such a character y.

Now if » # 0, then the space H°(Os,Q,(r)) is clearly zero and so the long
exact cohomology sequence of the distinguished triangle (3.1) induces an injection
POk 5,Qp(r)) — HY(Ok.s,Q,(r)). Thus e, also annihilates P°(Ok s, Q,(r)). But
by Lemma 4.2.2 below the (non-zero) C,[G]-module P*(Ok s, Q,(r)) ®q, C, is free
over C,[Gle, and so PY(Ok.s,Q,(r))e, is not trivial whenever y satisfies e,e,” = e,.

This therefore implies claim (i) whenever r # 0.
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If now r = 0, then the Artin-Verdier duality theorem (cf. [43, Chap. II, Cor. 3.2|)
combines with Kummer theory to induce a natural isomorphism of Q,[G]-modules
between Homg, (HZ(Ok,s,Q,), Q) and H'(Ok.5,Q,(1)) = O s ®z Q,. But by [63,
Thm. 4.12] the module (O ®zQ,)eg is zero and so (O ®2Q,)ey = (Of 4@z Q,)
which is clearly non-zero. In particular, if e, annihilates H2(Ok s, Q,), and hence also
Homg, (H2(Ok,s,Q,), Q,), then it must satisfy eyeq = e,, as required to complete
the proof of claim (i).

In the following result we use the G x G-module Z,(r)x = Zy(r) ®z, Zy|G]
introduced in §2.2.1. (We note that the explicit description in claim (ii) of this result

will also be very useful in Chapter 5).
Lemma 4.2.2.

(1) If r # 0, then there is a natural isomorphism in DP(Z,|G]) of the form
@RF(KWZP(T)) = PO(OK,SaZp(T»[O] = (Indg Zy(r) i) (0]
w|oo

where the superscript + denotes Gal(C/R)-invariants.

(ii) Set d := [k : Q] and write 71,...,74 for the d distinct embeddings of k into Q.
For each index i fix an element 7; of Gal(Q/Q) which extends 7;. Then for any

integer v there is an isomorphism of Z,|G]|-modules of the form
(Indg Zy(r)k)" = @ZP[G]GZ’
Til K

where the action of G on the right-hand term is diagonal by precomposition with

the indexing maps and multiplication on the coefficients.

Proof. For each place v of k& Shapiro’s lemma induces a canonical isomorphism in
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DP(Z,|G]) of the form

P R (K., Z,(r)) = RT(ky, Z,(r) i)

wlv
where the direct sum is over all places of K lying over v. In particular, by consider-
ing archimedean places and taking cohomology in degree zero this gives a canonical

isomorphism of Z,[G]-modules

PO(OKSva(T)) = @HO(KwaZp(r» = @Ho(kvvzp<r)l()

w|oo v]oo

= P (Z(r)x)™

v]oo

~ (nd27Z,(r)k) ",

where the first equality is because H°(K,,, Z,(r)) vanishes for each non-archimedean
place w (since r # 0). This proves the second isomorphism of claim (i). To prove the
first isomorphism we recall that for such archimedean place v the decomposition group
G, is generated by a unique element ¢, (of order 2). Thus, since p is assumed to be
odd, it is a simple calculation in group cohomology for the group GG, and topological
G,-module Z,(r)k to show that H'(k,,Z,(r)x) vanishes for each i > 0, as required
to complete the proof of claim (i).

To prove claim (ii) we first fix a topological generator ¢ := (exp(27i/p")®")n>0 of
Z,(r) and denote the elements of Emb(K, Q) by o, for 1 < s < [K : Q]. We then
obtain a Zy-basis {(,, : 1 < s < [K : Q|} of D . .5Zy(r) by setting

¢ at the embedding o
Cas =

0 elsewhere.

54



We can now define an explicit homomorphism

Indg Zy(r)k = EB Zy(r) = @ZI)[G]

K—=Q Tili (4.7)

Cas = (gt):r‘,-

where (we recall G acts on the second term by precomposition with the indexing maps

and) the embedding o, corresponds to the pair (7;, g;) via the bijection

Emb(k,Q) x G = Emb(K,Q)
(4.8)

(7i,9:) = (Tilx) o gu-

It is straightforward to check that (4.7) is an isomorphism of Z,|G]-modules. We now
write 7 for complex conjugation. Then, as p is odd, the submodule (Ind Z,(r)x)*
is equal to the image of 1(1+ 7) on Ind?Z,(r)k. Thus, since 7 sends the element
(o, 10 (=1)"Crop,, TO 05 = 050 Tk and €, = £(1+ (—1)"7x), it is easy to check that
(4.7) restricts to give an isomorphism of Z,[G]-modules of the form described in claim

(i). 0

4.2.3 The proof of Theorem 4.2.1(ii) and (iii)

We shall deduce Theorem 4.2.1(ii) & (iii) from Wiles’s proof of the main conjecture
of Iwasawa theory for totally real fields by copying arguments used by Burns and
Greither in [14, 15]. We shall therefore first introduce (or recall) some convenient

notation.

e Write £ for the cyclotomic Z,-extension of a number field £. In particular,
since K is a CM field so is K and there is a natural restriction isomorphism

Gal(K>/(K*>)") 2 Gal(K/K™). In the sequel we use this map to identify the
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groups Gal(K/K™) and Gal(K>°/(K>)") and hence regard the idempotent e,

as belonging to both Z,[G k] and Z,[G g i)

For any topological quotient H of the abelian group I' := Gal(K*/k) let

A(H) :=lim  Z, [H/U] where U runs over all open (normal) subgroups of H.
Write Q(H) for the total quotient ring of A(H) (this is a finite product of fields).

Set I'y, := Gal(k>/k). Fix a topological generator « of 'y and a pre-image 7 of

~ under the surjection I' — ['y.

Write K®) for the subfield of K*° which corresponds via Galois theory to the

subgroup generated topologically by 7. Set I'®) := Gal(K®) /).

Identify T' with the direct product T'®) x T'; (which we may do, since both
K® nk> =k and k*K®) = K*). For each homomorphism ¢ : I' — Q,
with open kernel there are thus unique homomorphisms ¢ : ') — @; and

Pp@ Ty — @: such that ©(®) has open kernel and 1) = (¥ x (),

Via the correspondence v < T+ 1 we identify A(I") with the power series ring
z, [T (7).

For each integer n we write tw, for the endomorphisms of A(T") and Q(T")
that are induced by the map which sends each element g of I' to Xcyeo(9)"g €
A(T'). We write A(H)(n) for the Tate-twist of A(H) by n — ie. the module
A(H) ®@a#)pwy,, MH) where A(H) acts via multiplication on the left hand
term and twp, denotes the endomorphism of A(H) induces by tw,. (More
explicitly, this means that A(H)(n) can be identified with the set A(H) upon

which each element h of H acts as multiplicaiton by twg,(h).)
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In the next result we use the following fundamental construction of Deligne and
Ribet. For any homomorphism ¢ : I' — @: with open kernel there exists a power-

series Gy, s(T") € Zy[9][[T]] such that

G¢7S(XCYCIO(7)S - 1)/(¢(7)X6yclo(7)s - 1), lf w(s) iS trivial
fsw(s) =

Gy5(Xeyeo(7)* — 1) otherwise,

is equal to L, (1,1 —s) for almost all s (cf. [14, Eqn (1)]), in particular this equality
holds when s is an integer other than 1 and when ) is non-trivial. In fact, the methods
of Deligne and Ribet also prove the existence of elements GGg and H of the Iwasawa
algebra A(T") such that for all such homomorphisms ¢ with open kernel the element
Y (Gg/H) is both well defined and equal to fs,(0) (for more details in this regard see

[14, §3]). We recall also that for each such homomorphism « such that x(®) is trivial

one has fs,.4(0) = fou(k(y) — 1) (cf. |65, Eqn. (1.4)]).

Proposition 4.2.3. Set R := A("), write Q(R) for the total quotient ring of R and,

for any integer r, set C* := RT.(Of.s, R(r)e)).

r

(i.) The complex Cr ®@p Q(R) is acyclic and hence there is a canonical composite

morphism

(C) et € [Crlper ©r Q(R) = [CF @R Q(R)| gy = O gpyer = (Q(R)eS,0).

(4.9)

(ii.) If r = 1, then the element Gs/H generates the ungraded part of the image of
[C’l']l_%; under (4.9).

(ii.) If K contains a primitive p-root of unity, then for any integer r the element

twy_.(Gs/H) generates the ungraded part of the image of [C;];%; under (4.9).

57



Proof. Tt is well known that C? is acyclic outside of degrees 2 and 3 and that there
are canonical isomorphisms H*(C?) = Z,(r — 1) and H*(Cr) = H' ®z, Z,(r — 1),
where H = Gal(ME(K)/K®) and I' acts diagonally on the tensor product (cf. [14,
Proof of Lem. 3|). Hence since both H* and Z,(1 — r) are finitely generated torsion
Ref-modules it is clear that C* @ Q(R) is acyclic. The existence of the composite
morphism (4.9) in claim (i) is then also clear.

To prove claim (ii) we write Z; for the image of [C’l'];{;f under (4.9). Then the
algebraic observation of Burns and Greither in [15, Lem. 6.1] implies that claim
(ii) is valid provided that at every height one prime ideal p of R the localisation
E1p:=EZ1 ®gr Ry is equal to (Gs/H) - Rye .

To prove this we first assume that p is a height one prime ideal of R with residue
characteristic p. Then the explicit description of the groups H*(C;) given above
combine with [15, Lem. 6.3] and the assumed vanishing of (K, p) to imply that the
complex C? ®r R, is acyclic and hence that Z;, = Ryef. The required equality is
therefore valid in this case because the assumed vanishing of p( K, p) also implies that
both Gg and H are units in Rye] and hence that (Gg/H) - Ryel = Rpef (indeed,
this follows directly from [14, Thm. 3.1 (iii)]).

We now assume that p is a height one prime ideal of R with residue characteristic
0. Then Rpe; is both a discrete valuation ring and a Q,-algebra and decomposes as a
product Hw R, ., where 9 runs over all homomorphisms I' — @; such that ¥ (1) =1,
where we write 7 for the unique non-trivial element of Gal(K>°/(K°°)*). Now in this

decomposition each algebra R, , is a principle ideal domain and hence there exist
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canonical isomorphisms of graded Rpe; -modules

o - ~ -1
[Ol ®R RP]R:-EIL = [H+ ®R Rpi| Rp eir ®Rp eir [Zp ®R Rp]Rp eIL
= (Fittp, o+ (H* @ Rp),0) @p, o+ (Fittg 4 (Z, ®r Ry)™",0)

= (Fittp, .+ (H* ®g Ry) - Fitty +(Z, ®r Ry) ™", 0),

where the first isomorphism comes from Lemma 2.1.4 and the fact that C7 ®gr R, is
cohomologically perfect and the second from Lemma 2.1.6(ii), and the equality is by
definition of the product of graded invertible Rpe; -modules. To complete the proof of
claim (ii) it is therefore enough to prove that for each homomorphism ¢ : I' — @: with
¥(7) = 1 the fractional R, y-ideal Fittg, ,(ey(H' @ Ry)) Fittg, , (ey(Z, ®r Ry)) " is
generated by fs,,(0). But if /(%) is trivial, then it is clear that Fittg, , (ey(Z,®rR,)) =
Rypy-0(Ir,) = Rpy - ((y) —1). If () is non-trivial, then e, (Z, ®p R,) vanishes and
so Fittg, ,(ey(Z, ®r Rp)) = Rpy. Further, the main conjecture of Iwasawa theory
proved by Wiles in [65] states precisely that in this case Fittc, g, (ey(H* ®@r Ry)) =
Rpy - Gy (W(y) — 1) (cf. [14, (3)]), and so claim (ii) follows.

To prove claim (iii) we note that for each integer r there are isomorphisms of
R-modules of the form

R(r)e) = R Qpyw,_, R(1)ef = Zy(r — 1) @z, R(1)ef, (4.10)

where I' C R acts on the first tensor product via multiplication on the left hand
term and acts diagonally on the second tensor product. (Indeed, the first displayed
isomorphism is a simple consequence of the fact that tw, = tw,_; o tw; and the second
is induced by sending 1 ®z = to (21 ®z, x.) Now, since K is assumed to contain

a primitive p*-root of unity, the same reasoning that produces the isomorphism of
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[14, Eqn (10)] shows that the isomorphism (4.10) induces an isomorphism in DP(R)
of the form

R ®pw, , CT =Cy.

These isomorphisms combine with the fact that determinants commute with scalar

extension to induce an isomorphism of graded Re;-modules of the form
o] — ~ o -1 ~ (] -1 ~ (] —
[ T}Ri;!— = [R ®R7th_1 C(l]Re;r - (R ®R7twr_1 [Cl]R€T> =R ®R,tW1—r ([CI]REIF) 1'

Upon comparing these isomorphisms to those involved in (4.9) one finds that the
image of [O;]z_%i+ under the composite map (4.9) is equal to tw;_,.(Z;). Hence claim

(ii) implies claim (iii) and so completes the proof of Proposition 4.2.3. O

In the rest of this section we shall show that Theorem 4.2.1(ii) and (iii) are con-
sequences of Proposition 4.2.3. To do this we set R := A(T'), A := Zp[G]eSO), cs =
RT.(Of.s, R(r)ef) and C* := RT.(Ok s, Z,(r))e;. Then there is a canonical isomor-
phism in DP(Z,[Gle;}) of the form Z,|G] ®@% C%, = RT.(Ok.s,Z,(r))e;” (induced by

combining the ’descent isomorphism’ of [15, §3.1] with Shapiro’s lemma) which in

turn induces an isomorphism of graded 2A-modules
o -1 ~ | oL !
Ol ®r A = [C ®% m]m . (4.11)

We also note that the complex (C* ®Hip[c} 2A) ®z, Q, is acyclic. Indeed, this is a

&0) in the statement of Theorem 4.2.1

consequence of the definition of the idempotent e
and the fact that if an idempotent annihilates H?(Ok s, Q,(r)), then it annihilates

H!(Ok.5,Q,(r)) in all degrees i (cf. the second paragraph of §4.2.2).
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In particular, if » = 1, then the isomorphism (4.11) combines with Proposition
4.2.3(ii), the acylicity of (C*® ®Hip[G] A) ®z, Qp and the descent formula of [15, Lem.
8.1] to imply that

e ehg 2] = @,06200)
where £ is the (unique) element of QP[G]ego) with the following property: for each
homomorphism ¢ : G — @; with ¢(e§°)) = 1 one has ¢(£;) = ¢(Gs/H). In particular
if ¢ is non-trivial, then one has ¢(£1) = fs4(0) = L,s(¢,1) and so claim (ii) of
Theorem 4.2.1 holds.

Claim (iii) of Theorem 4.2.1 follows in a similar way. Indeed, if K contains a prim-
itive p'" root of unity, then (4.11) combines with Proposition 4.2.3(iii), the acylicity
of (C* ®Hip[G] 2A) ®z, Q, and the descent formula of [15, Lem. 8.1] to imply that

e ahq 2] = @lc1e.0)
where £, is the (unique) element of @p[G]e(rO) with the following property: for each
homomorphism ¢ : G — @: with gb(efno)) = 1 one has ¢(£,) = o(tw,_,.(Gg/H)).

Hence for each such ¢ one has

A(Lr) = (Xege 0)(Gs/H) = fo,1-r4(0)
= fS,w1*7‘¢>(chC(7)1_r —1)

= L,s(w' "¢, 1) = ¢(L,5(r)),

where the first equality follows from the definition of tw;_,, the second from the
definition of Gg and H, the third from the fact that the Teichmiiller character w is

such that w = w®) = (chc)(s), the fourth is a fundamental interpolation property of

61



the function fg,1-r4(s) (cf. [65, Eqns. (1.4) and (1.3)]), and the last follows from
the definition of £, ¢(r). This completes the proof of claim (iii) of Theorem 4.2.1 and

hence of Theorem 4.2.1 itself.

4.3 The Key Algebraic Result

This section is joint work with David Burns.

In this section we prove an algebraic annihilation result which allows us to deduce
Theorems 4.1.1 and 4.1.5 from Theorem 4.2.1, and which is also surely itself of some
independent interest.

Throughout this section we fix a finite abelian group G and a direct factor 2 of
Z,|G]. We will often (and usually without explicit comment) use the fact that the

associated Qp-algebra A := A ®z, Q, is semisimple.

4.3.1 Statement of the Result

We shall first introduce the general class of complexes to which our annihilation result
applies. (In §4.4 we will see that such complexes in fact arise naturally in the context

of Theorem 4.2.1.)
Definition 4.3.1.

e We call a (co-chain) complex of 2-modules C* weakly admissible if it satisfies

the following conditions:

(i) C* is a perfect complex of A-modules.
(ii) The Euler characteristic of C* ®g A in K(A) is zero.

(iii) C* is acyclic outside of degrees 1, 2 and 3.
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(iv) HY(C),,, is a perfect A-module.

e We call a weakly admissible complex C* admissible if H'(C'),,, = 0.

tor

e We call an admissible complex C* strongly admissible if H'(C') = 0.

For any perfect complex of A-modules E* we also introduce the following notation:

Set e = eg.) to be the sum of all primitive idempotents of A which annihilate

the module H?(C*® @y A).

Set A0 = ng.) = Ae® C A0 1= Ae©),

Set 1O = [O) .= AN AO.

o Set Ef) = E* @y A,

)

Remark 4.3.2. If C is weakly admissible then, since A is semisimple, the above
conditions (i) and (iii) combine to imply that the A-modules H?*(C*® ®g A) and
HY(C* @y A) @ H3(C* ®y A) are isomorphic. In this case the idempotent e(®) can
therefore also be defined as the sum of all primitive idempotents of A which annihilate

the module H'(C*® ®g A) = H'(C*) @y A for all degrees i.

If C* is weakly admissible, then the complex Cf, is a perfect complex of 2A0)-
modules and in the following result we identify the determinant module [O(.o)} o
A
with a graded fractional A(®-ideal via the composite inclusion

[C(.O)}gum < [C(.O)}mm) a1(0) Al = [C(.O) R0 A(O)}A(O) = 0] 40 = (A(O)a0)~ (4.12)

We recall that a Z,-order B is said to be 'relatively Gorenstein over Z,’” (or more
simply ’self-dual’) if ®B* is isomorphic to B as a B-module. We can now state the

main result of this section.
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Theorem 4.3.3. For any complex of A-modules D* we write g(D*) for the minimal
number of generators of the A-module H*(D*®) and define n(D*) =1 if HY(D®), =0
and n(D®) = 2 otherwise.

Let C* be a weakly admissible complex of A-modules.

(i) One has

-1

((1O)C*7(C) Bitgo(H'(C*),,,) Anna( HY(C?)

)g(c-), 0) Rl [C('O)]

tor

C (Annm(H2(C')t0r),O) )
(i) One has

((10ONo@D+E) Anng(H?(C*),,)7' 7, 0) @31 [Cly)]

C (Fitta(H"(C*),,,) Anng(H*(C*),,.),0)

where C* := RHomg, (C*, Z,[—4]).

(iii) If C* is strongly admissible and in addition either H*(C*®), . = 0 or A s

tor

relatively Gorenstein over Zi,, then
(Fitta((H2(C*),)),0) @a [Cly] g = (Fitta(H*(C*)), 0)

Remark 4.3.4. Theorem 4.3.3 generalises Snaith’s result [51, Thm. 7.1.11]. Indeed
to recover that result one need only apply claims (i) and (ii) of Theorem 4.3.3 with 2 =
Z,|G] for a strongly admissible complex C* (then adjust for differences in notation).
If, in addition, H*(C*®) is a cyclic Z,[G]-module then claim (iii) is strictly stronger

than claims (i) and (ii) and hence also stronger than the Therorem of loc. cit..
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4.3.2 Dualising

Before embarking on the proof of Theorem 4.3.3 we first establish some useful facts
concerning the duals of perfect complexes and modules.

In the sequel we shall use the following convenient notation: if D*® is any perfect
complex of A®-modules whose cohomology groups are finite (or, equivalently, Ly-
torsion) in every degree, then we write =(D®) for the ungraded part of the image
of [D*]y under the composite morphism [D*]y0 — (A©,0) that is analogous to

(4.12).

Lemma 4.3.5. Let A and A be as above. Let E* be a perfect complex of A-modules
and set E* := RHomg, (E*, Z,[—4]).

(i) In each degree i there are canonical isomorphisms H'(E*),, = H*{(E*)" and

H(E"), = (H(B*)ior)".

tor

(i) If E* is weakly admissible, then E* has the following properties: it is a perfect
complez of A-modules; the Euler characteristic of E* @y A in Ko(A) is zero;
it is acyclic outside degrees 1,2,3 and 4; H'(E*) is torsion-free and H*(E*) =
(HY(E®),,.)" is a finite perfect A-module with Fitg(H*(E*)) = Fitg(H'(E*),,,)-

(111) If E® is admissible, then E* is admissible.

(iv) In each degree i an idempotent of A annihilates the module H' (E* @y A) if and
only if it annihilates the module H*'(E® @g A).

(v) If E(.o) has finite cohomology groups, then EE"O) has finite cohomology groups and

E(Ef,) = E(Ef)
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Proof. Claim (i) is a consequence of the fact that for each perfect complex of 2A-

modules E*® there is a cohomological spectral sequence of the form
Exty (H*(E*),Z,) = H"°(RHomg,(E* Z,)) = H* ""(E").

Indeed, since for every finitely generated Z,-module M the group Exty (M,Z,) van-
ishes for all a ¢ {0, 1} the second sheet of this spectral sequence has only two non-zero

rows and so for any integer n there is a short exact sequence
0 — Exty (H>"(E®),Z,) — H"(E*) — Homg, (H* "(E*®),Z,) — 0 (4.13)

(cf. [64, Excercise 5.2.2]). To deduce claim (i) from here we need only note that for
any finitely generated Z,-module M there are natural identifications Ext%p (M,Z,) =
Ext}, (Mior, Zy) = (Mior)”

Since 2 is a direct factor of Z,[G] it is isomorphic to A*. This implies that a
finitely generated 2A-module M is projective, resp. free, if and only if its linear dual
M* is projective, resp. free. The first two assertions in claim (ii) concerning E*
are therefore clear. Further, since E* is acyclic outside degrees 1,2 and 3, claim (i)
implies that E* is acyclic outside degrees 1,2, 3 and 4, that H*(E*), , = (H4(E')t0r)v
and H*(E*),, = H°(E®)" both vanish and that H(E*) = H*(E*),,, is isomorphic
to (H'(E*),,,) . To complete the proof of claim (ii) it is therefore enough to prove

that if M is any finite perfect 2A-module (such as H'(E®), ) then MV is a finite

tor
perfect A-module and Fity(M") = Fity(M) and the latter fact is proved by Burns
and Greither in [14, Lem. 7).

Claim (iii) follows directly from claim (ii), the definition of admissibility and the

fact that (since E* is admissible) the group H*(E*) = (H'(E*),,,)" vanishes.
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In each degree i claim (ii) induces an isomorphism of A-modules of the form
H'(E* @9 A) = Homg, (H*"(E* ®g A),Q,) and this implies claim (iv).

Regarding claim (v) we note first that the complex E(.o) has finite cohomology
groups precisely when the idempotent e(®) annihilates H*(E® ®gA) in all degrees i. In
particular, from claim (iv) we deduce that if E(.o) has finite cohomology groups, then so
does Ef,). The claimed equality Z(E7,) = E(E('O))*1 is then also a consequence of fact
that if P is any finitely generated projective A-module, then the natural isomorphism
P* = Homg, (¢ (P, Z,|G]) = Homgy(P,2) induces an isomorphism of A®-modules of
the form P* ®g A® = Homg(P,A) @9 A = Homgyo (P @y AQ,2A®). Indeed,
the required equality follows from this because for any graded invertible 2?)-module

(I,m) the ungraded part of (I,m)~! is (by definition) equal to Homgy) (1, A(®). O

4.3.3 A useful reduction step

In this section we begin the proof of Theorem 4.3.3 by reducing to consideration of

admissible complexes.

Lemma 4.3.6. Theorem 4.3.3(i), respectively (ii), is valid provided that for every

admissible complex C*® of A-modules there is an inclusion

(IOICITED) Anng(H?(C),, )7 ™) - 2(Cly)) ™ € Anng(H?(C®),, ) (4.14)
respectively
(1O)EHED) Anng(H?(C*),,)* ") - E(Cy)) © Anng(H*(C®),,,)- (4.15)

Proof. Let D*® be a weakly admissible complex of 2-modules. Then since D°® is

acyclic in degrees less than one the inclusion H'(D*®),  C H'(D®) induces a natural

tor
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morphism (H'(D*®),.)[—1] — D* in DP(A). Let C* denote the mapping cone of this

morphism, which by definition lies in a distinguished triangle
HY(D®), ., [-1]— D*—C* —. (4.16)

Now the complexes H'(D*®), [—1] and D* are, by assumption, both objects in DP(2l)
and so this triangle implies that C* also belongs to DP(2(). Further, the long exact
sequence of cohomology of (4.16) induces isomorphisms H"(D®) = H™(C*) for all
integers n # 1 and a short exact sequence
0 — H(D"),,, — H'(D") — H(C*) =0

which in turn induces a canonical isomorphism H'(C*) & H*(D*®),;. The complex C*
is therefore admissible (with condition (ii) being satisfied because C*®gA = D*®gA).

Now the distinguished triangle (4.16) also combines with Lemma 2.1.6 to give an
equality of graded 2-modules [D*]y = [C*]y ®g (Fitte(H'(D*®),,,),0). Further, since
the 2l-module H'(D*)

to; Nas projective dimension at most one, the homomorphism
Fittg(H(D*),.,) @aA® — Fitte(H(D*),,.)e® which sends z ®gy to zy is bijective.
Hence by applying @2 to the last equality we obtain an equality of graded A(©-
modules [D('O)L[(O) = [C'('O)L“O) Qg (Fitte(H(D*),,,)e'?,0) and hence an equality

of lattices
E(C('O))’l = E(D(‘O))’l - Fittq(H'(D*),,,)- (4.17)

From the isomorphisms H'(C®)y = H'(C®) =2 H'(D®)¢ and H3(D*) = H3(C*) we
also have g(C*®) = g(D°®) and n(C*®) = n(D*®). Upon substituting (4.17) into (4.14)
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one therefore obtains the statement of Theorem 4.3.3(i) with C* replaced by D*.
To make the analogous reduction for Theorem 4.3.3(ii) we use the fact that there

is a distinguished triangle in DP(2A) of the form

E[-1]—-C"— D" — (4.18)
with E® := HY(D®),.,[—1]. Indeed, to obtain this triangle one need only apply the
functor R Homg, (—, Z,[—4]) to the triangle (4.16). Now Lemma 4.3.5(ii) implies that
E* is acyclic outside degree 4 and so the exact sequence of cohomology of (4.18)
implies that H'(C*) = H'(D*) so n(C*) = n(D*), and H*(C*),, = H*(D*),; so
g(C*) = g(D*). In addition, the same argument as used above with (4.16) applies to

(4.18) to give an equality of lattices

/[L]
-,

=e
I
[1]

(17?0))_1 = E(OEKO))_I ) Fittﬁl(H4(E*))

= E((J(*O))—1 - Fitto(H*(D®)gor) = E(C)) - Fitte(H"(D*®)tor)

where the first and last equality follow from Lemma 4.3.5(v) and the third from the
final assertion of Lemma 4.3.5(ii). Upon substituting the last displayed equality into
(4.15) one therefore obtains the statement of Theorem 4.3.3(ii) with C* replaced by

D*. This completes the proof of Lemma 4.3.6. O

4.3.4 The Proof of Theorem 4.3.3(i)

In this subsection we shall prove the inclusion (4.14) and hence complete the proof of
Theorem 4.3.3(i). To do this we fix an admissible complex of 2-modules C* and for
any integer n set H" := H"(C*) and H; = H"(C{,).

As a first step we prove the following result.
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Proposition 4.3.7. Anngyo) (H?O))g(c') -E(Cfy) ™! € Anngo) (HE,)-

The proof of this proposition requires two subsidiary lemmas.

Lemma 4.3.8. The complex C* is isomorphic in DP() to a complex of finitely

generated free A-modules of the form

dl d?

Cl LN 02 LN 03

where C' occurs in degree 1 and the A-rank of C* is equal to g(C*®).

Proof. Since C* is both perfect and acyclic outside of degrees 1, 2 and 3 a standard
argument shows that it is quasi-isomorphic to a complex of the form C*! Loz IR 3,
where C? and C? are finitely generated free 2-modules and C* is a finitely generated
20-module with finite projective dimension. Furthermore by the argument of |20, Lem.
4.7] we may also construct this complex such that the 2-rank rke(C?) of C? is equal
to the minimal number of generators of the A-module H3.

Now because C* is admissible one knows that Ker(d') = H' is Z,-free. Since C?
is also Z,-free we see that C' must be Z,-free. But any finitely generated 2-module
that is both Z,-free and of finite projective dimension is projective as an 2-module
(to see this one need only consider the module as a Z,[G]-module and then combine
[1, Thms. 7, 8 & 9] to show that it is projective as a Z,|G]-module and hence as
an 2-module) and so it follows that C' is a finitely generated projective 2-module.
In addition since both C? ®y A and C3 ®y A are free A-modules, and the Euler
characteristic of C* ®y A in Ky(A) is zero (since C* is admissible) the A-module
C! ®q A is itself also free. As 2 is a product of local rings and C! is a projective

2A-module this then implies that C* is a free A-module. n
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Lemma 4.3.9. The complex C(.o) 15 acyclic outside of degrees 2 and 3 and the modules
3 ~

H(ZO) and H?O) are both finite. Furthermore there is a natural isomorphism H(o) =

H3 @9 A and exact sequence
HY(G,H' @7, 4" — HY) — (H? @7, A0 — H*(G, H' @7, A7), (4.19)

Proof. At the outset we note that in each degree a there is a natural isomorphism of

the form H 80)

therefore follows that each module H ) is finite.

®z, Qp = (H* @9 A) ®a A® = O (H* @y A). From Remark 4.3.2 it

Next we use Lemma 4.3.8 to represent O(.o) by a complex of free A®-modules of
the form

d} d?
C' @9 A L 02 @ AO L 03 @y A (4.20)

where we set d?o) = d* @9 A in each degree a. This representative makes it clear
that H{, vanishes at all degrees a ¢ {1,2,3} and that H (30) = COk(d%O)) is canonically
isomorphic to cok(d?) @y A®) = H? @y A®. We now use the fact that for any

projective A-module @) there is a natural isomorphism of the form
Q@u A = Hy(G,Q @z, A”) = HY(G, Q ®z, AY) = (Q @z, A”)“.

Since the functor M +— (M ®z, A©)C is left exact these isomorphisms induce an
identification of H; = ker(df,) with (ker(d") @z, A1) = (H' @z, AD)% C H' ®y,
2@, In particular, since both H' and A are by assumption Z,-free, the finite
module H (10) is Z,-free and therefore vanishes.

Finally we obtain the exact sequence (4.19) as the exact sequence of low degree
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terms of a convergent cohomological spectral sequence of the form

a b a+b
H(G, H @z, A) = H{t'.

Indeed, the existence of such a spectral sequence follows from the isomorphisms

H(G,Q ®z, A0) = Q @9 A mentioned above (cf. [64, §5]). O

We can now return to the proof of Proposition 4.3.7. Following Lemmas 4.3.8 and
4.3.9 we are able to prove this result by using a simple adaptation of the argument
given by Snaith in [51, §7.1]

Throughout we represent Cf,) by the complex (4.20). From Lemma 4.3.9 we recall
that C(.o) has finite cohomology groups and is acyclic outside of degrees 2 and 3 and
we note that this implies in particular that the differential d%o) is injective.

Now ¢(C*) is equal to the A®-rank r := rko (Cfpy) of the free 2A)-module

C?o) = (% @9 A and so to prove Proposition 4.3.7 it is enough to show that
Annm(o) (H?O))T . E(C(.O))_l g Annm(o) (H(QO)) (421)

Given any x in Anngyo) (H (30)) we pick a pre-image ¥ of x under the natural surjec-
tion Z,[G] — A and then choose a large enough multiple n of |Hg, || H{f,| to ensure
that n + 7 is a unit in Q,[G]. The projection ¢ = ne®”) + x of n + 7 is then a unit of
A which annihilates H (30). Since ne® annihilates H (20) the binomial theorem implies

that (4.21) is true if we can prove that
t"-E(Ch)) " S Anngo (Hp)). (4.22)
To do this we fix a basis {z; : 1 < i < r} of C3. Then each element tz; is

(0):
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in the kernel of the natural projection 0(30) — Cok(d%o)) = H(Bo) and so we may
choose an element b; of C’(QO) such that d?o)(bi) = tz;. The associated homomorphism
n : 0(30) Qg A® — 0(20) Qg A® which sends each element z; to t~'b; is then a
section to d%o) Qg A which satisfies n(tC(g’O)) C 0(20) C C'(ZO) Qg A®. Combining

with d{, we thereby obtain an A©_module isomorphism
X : (C(S'O) O A(O)) ) (C(lo) R g(0) A(O)) — 0(20) Rg(0) A©)

which sends each (z,y) to n(x) + djy(y) for x € Cf and y € C.

This in turn gives rise to a composite isomorphism

-1

[C(.O) Dgu(0) A(O)] A0

-1
=[Cloy @a AY] 1) Ba0 [Cy) @ AV]

@ a0 [Cloy Baow A] 4

14

[(Cly @20 A) @ (Cloy @20 AV)] 4

1
& 4(0) [C(ZO) R e(0) A(O)}A(U) (4.23)
—1
A0)

112

[Im(X)]A(O) ®A(U) [0(20) ®g1(0) A(O)]

112

[Cok(X)] 400

:(A(O), 0)7

where the first isomorphism is standard, the second is induced by X, the third is

induced by the tautological exact sequence
0 — Im(X) = Cf) @y A® — Cok(X) — 0

and the final equality is because Cok(X) = 0. This composite isomorphism coincides

—1
of course with the canonical isomorphism |Cf) ®go A©) o >~ (A® 0) that is in-
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duced by the acyclicity of the complex C(.o) Qg A but the point is that the above
description will allow us to keep track integrally of the maps involved.
To exploit this we let T : 0(30) — C’E)’O) denote the A®-module homomorphism

given by multiplication by ¢ and observe that

t [O?O)}m(o) - (tr ;(O)C?O),r)
= (Aot C)7)
— </\;(0> Im(T),T)

= [Im(T)]QL(O) .

Now 7(tCf,

to give an injective homomorphism of 2A©-modules X : Cloy © Cloy — Cy (cf. [51,

) C C’(ZO) and so the composite isomorphism X o ((T' ® id) @ id) restricts

-~

Lem. 7.1.5]). Further, since Im(X) is equal to the image under X of Im(7T") & C(IO),

the restriction of (4.23) then gives a canonical isomorphism

HTO) [0(20)];[(10> Rguo) (1 [0(30)]2((0))

-1
Dau(0) [0(20)]21(0) Qgi(0) [Im<T)]m(0)

= [Im(T) > C(lo)} 2(0) B0 [0(20)} 9_130)

-1

Da0) [0(20)] 2(0)

(Fitw) (Cok(X)), o) ,

where the last equality is by Lemma 2.1.6(ii). From this isomorphism it follows that

t?" * E(C(.O)

To deduce (4.22) it is thus enough to prove that Anng) (Cok(X)) C Annge) (H, (20)).

)~L = Fittge (Cok(X)) and hence that ¢ - E(CH) ! C Anngo (Cok(X)).
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To do this we consider the finite A®-module

N Ker(d,,) . Ker(d%o))im(X).
Ker(df,) N Im(X) Im(X)

Then the natural inclusion N € Cok(X) implies Anngo) (Cok(X)) € Anngw (N).
Also, the definition of X ensures that Im(X |C(30)) C C'(QO) and that the composite map
(d?o) o X )|c§0) = T is injective. The denominator Ker(d?o)) N Im(X) in the defini-
tion of N is therefore contained in Im(X |C(10)) = Im(d%o)). The cohomology group
H, = Ker(dy)/Im(dy)) is therefore a quotient of N and so Anng (Cok(X)) C
Anngyo) (N) C Anngo) (H (20)), as required to complete the proof of Proposition 4.3.7.

Having proved Proposition 4.3.7, we can now obtain (4.14) by simply substituting

the results in the following lemma into the inclusion of Proposition 4.3.7.
Lemma 4.3.10.

(i) 1© . Anng(H}?

tor

) C Anngl(H(go)).

(ii) (1)) . Anng(H2,) C Anng(H?

) 2 ) where the integer n(C) is equal to 1 if H*

vanishes and is equal to 2 otherwise.

Proof. Since I(©) = AN the definition of e/® combines with Remark 4.3.2 to imply
that the module H} @y 2A® is annihilated by (right multiplication by) I¥). The
inclusion in claim (i) therefore follows from the natural exact sequence of 2-modules
HE @A — H3 A0 — H2@9A® — 0 and the isomorphism H?®@y2A®) = H?o)
from Lemma 4.3.9.

Regarding claim (ii) we first note that for any 2-module N and integer a the Tate

cohomology group H “(G,N ®gz, 2A©) is an A-module that is annihilated by I®). To
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show this we write a for the projection A — 2. Then N ®z, U is cohomologically
trivial as a G-module (since 2 is a direct factor of Z,[G]) and there is an exact

sequence of Z,[G]-modules of the form
0 — N ®z, Ker(a) = N ®z, % — N @7, A0 — 0

(since A0 is a free Z,module). From the induced long exact sequence of Tate

cohomology we therefore obtain a natural isomorphism
HY(G, N @z, A0) = H*Y(G, N @y, Ker(a)).

Now the last module is certainly annihilated by I® if one has 2y = 0 for every

x € I and y € Ker(a). It is therefore enough to note that for each such z and y

0)

one has zy = (2e)y = 2(e®y) = 2(a(y)) = 2.0 = 0, as required.

In particular, since I(® annihilates H*(G, H' ®z, A®), the exact sequence (4.19)
implies that 1 - Anng(H,) € Anng((H? @z, A)9), respectively Anng(Hp,) =

Anng((H? ®z, A9)) if H! vanishes. Next we note that the definition of e(® implies

that the module (H* ®z, A)% is finite and hence also equal to (H? ®z, AONT

tor

(H?

tor ©z, 2A)&, Further, the natural exact sequence

0 — (Hf, ®z, Ker(a)? — (Hi, ®2, W) — (H

tor

®Zp Q[(O) ) G

combines with the isomorphism H2 = (HZ, ®z, A)¢ (coming from the fact that A

tor tor

is a direct factor of Z,[G]) and the fact that I® annihilates (H2

tor

®z, Ker(a))? to

imply that I(©)- Anngy ((H?2

tor

®z, AP)C) C Anng(H?

o). Claim (ii) now follows directly

upon combining all of the observations made in this paragraph and then recalling the
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definition of the integer n(C). O

4.3.5 The Proof of Theorem 4.3.3(ii)

Following Lemma 4.3.6 it is sufficient to prove the inclusion (4.15) for every admissible
complex C*. We shall deduce (4.15) by substituting C* for C* in the inclusion (4.14)
which was proved in the last subsection and then using Lemma 4.3.5. Indeed, to
substitute C* for C* in (4.14) we already need to know that the complex C* is admis-
sible (as proved in Lemma 4.3.5(iii)) and that the idempotents 6(002 and 6(002 coincide
(as proved in Lemma 4.3.5(iv)). In fact we also know that Z(CY;)) = E(C('O))*l (by
Lemma 4.3.5(v)) and that there are natural isomorphisms H*(C*)ior 22 (H*™(C*)ior)”
for i = 2,3 (by Lemma 4.3.5(i)). Taking these facts into account and replacing C* by

C* in (4.14) we obtain an inclusion
(1)) Anngy(H?(C®) o))" - 2(C)) € Anna((H(C®),,)Y).-

To deduce the required inclusion (4.15) from this we need only note that for every

finite A-module M one has Anng(M") = Anng(M).

4.3.6 The Proof of Theorem 4.3.3(iii)

At this stage we have proved Theorem 4.3.3(i) and (ii) and so, to complete the proof
of Theorem 4.3.3, it only remains to prove claim (iii). In this subsection we shall
prove claim (iii) by specialising arguments used by Andrew Parker in his thesis (cf.
[48, Thm. 4.3.1]).

At the outset we fix a strongly admissible complex of A-modules C'* and assume,

as per Theorem 4.3.3(iii), that either H2(C*®) is Z,-free or A is relatively Gorenstein
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over Z, (which we recall means that A(* is isomorphic to 2® as an A(®-module).

We start by recording a useful technical result.

Lemma 4.3.11. Let C® be a strongly admissible complex of A-modules for which

either H*(C*) is Z,-free or A is relatively Gorenstein over Z,.
(i) Fittoo (H*(C))) = Fitta(H*(C*)).

(ii) Fittgwo (H*(Cf))") = Fitta((H*(C*),,,) " )e©.

tor

Proof. Both complexes C* and C(.o) are acyclic outside degrees 2 and 3 and, since
H'(C*) = 0, Lemma 4.3.9 implies that there are canonical isomorphisms of finite

A0 _modules
(H?(C*) @z, AONE, n =2
H"(C)) = (4.24)
H3(C*) @9 A, n=3.

Further, in this case Remark 4.3.2 implies that e(® is equal to the sum of all
primitive idempotents of A which annihilate H3(C*®) ®y A. The equality of claim (i)
therefore follows from Lemma 2.1.7(ii) with M = H3(C*).

Next we note that since H*(Cf ) is finite and 2% is Z,-free the isomorphism (4.24)

implies that H?(Cf,) is isomorphic to (H*(C*) @, AN = (H*(C*) @z, Ql(o))G —

tor

(H?(C*),,, ®z, A©)C. In particular, if H*(C®) is Z,-free, then H2(C’('0)) vanishes and

tor

so in this case the equality of claim (ii) is obvious.
On the other hand, if A©* is isomorphic to A as an A®-module, then there are

isomorphisms of Z,[G]-modules

(H*(C%),,, @z, A = (H*(C*),,)" @, (A0)" = (H*(C"),,,)" @z, A0

tor tor

(cf. [48, Lem. 4.3.6]). From (4.24) we therefore obtain isomorphisms of A(®)-modules
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of the form

\

H2(Chy)" 22 (HA(C*) @, AD)) = (HX(C®),,, @z, AO)€)

tor

Vv

2 (H(C®)yor ®2, A”) e = (HA(C"),) " @2, A = (H(C"),,,,) " @AY

tor

Given this isomorphism, the equality of claim (ii) follows from Lemma 2.1.7(i). O

We now return to the proof of Theorem 4.3.3(iii). If firstly H?(C®) is Z,-free,
then Lemma 4.3.11(ii) implies that C'y, is acyclic outside degree 3 and so is isomor-
phic in D?(A) to H*(CF,)[~3]. By Lemma 2.1.6 we therefore obtain a canonical
isomorphism of graded A(®-modules [C(.o)] o0 = (Fittow (H*(Cfy)),0). By Lemma
4.3.11(i) this last isomorphism implies that of Theorem 4.3.3(iii) in the case that
H?(C®) is Z,-free.

To deal with the general case we note that since C(.o) is acyclic outside degrees 2
and 3 it is quasi-isomorphic to the complex Cok(d%o)) d—(QO)—> C® @9 A where the first
term is placed in degree 2 and we have used the same notation as in (4.20). We note
that C’g’o) is a finitely generated free A(®-module, that Cok(d%o)) is a finitely generated
2A)_-module which has projective dimension at most one and that there is a natural

2-extension of A -modules of the form
0— HQ(C(}))) — Cok(d%o)) — C?o) — H3(C('O)) — 0. (4.25)

We now choose a finitely generated free 2A(®)-module F and an integer i for which there
exists a surjection F/p'F — H3(C('0)). Let N denote the kernel of this map. Since the
projective dimension of F//p'F' is at most one the group Ext3, (F/p'F, H*(Cf))) van-
ishes (by [64, Lemma 4.1.6]) and so there exists a natural surjection

§ @ Exty (N, H*(C}

) — Exta (H3(CYy,), H*(C,))). We choose any Yoneda ex-

(0) (0)
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tension

0—>H2(C’('0)) — M — N —0 (4.26)

which represents a pre-image under § of the class of the extension (4.25). Then, by
the description of ¢ in terms of Yoneda extensions, we may splice (4.26) with the

extension 0 — N — F/p'F — HB(C’('O)) — 0 to obtain a 2-extension of 2®-modules
0— H*(C) = M — F/p'F — H*(Cf,)) — 0 (4.27)

that is Yoneda equivalent to (4.25). The complex
M — F/p'F (4.28)

of A®-modules in degrees 2 and 3 is therefore isomorphic to Clyy in DP(A) via an
isomorphism that induces the identity on cohomology groups in degrees 2 and 3. We
note that, since N, H*(Cf) and H*(Cf)) are all finite, so is M. Further, since
(4.28) is a perfect complex and F/p'F has projective dimension at most one the
module M also has projective dimension at most one. The quasi-isomorphism between
(4.28) and CF;) therefore induces a canonical isomorphism of determinant modules
[C(.o)] oo =~ [F/p'F[=3]]gw [M[—2]]g which, by Lemma 2.1.6, in turn induces an
equality
E(Cly) = Fittgo (F/p'F) - Fittgo (M)~

Thus, if we now assume that A is relatively Gorenstein over Z,, then the result of
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[14, Lem. 5| applies to the sequence (4.27) to give an equality

Fittgyo) (H2(0(0)>\/) . E(O('O)) = Fittyo) (H2(0(0)>\/) Fittg o) (F/pZF) Fittgo (M)fl

= Fittyo (H?’(C(O)))*l.

The equality of Theorem 4.3.3(iii) now follows by simply substituting into this equality
the equalities of Lemma 4.3.11.
This completes our proof of Theorem 4.3.3(iii) in the case that A is relatively

Gorenstein over Z,, and hence our proof of all parts of Theorem 4.3.3.

4.4 The Cohomology of RI'.(Ok g, Z,(T))

To prove Theorems 4.1.1 and 4.1.5 we shall apply the relevant parts of Theorem 4.3.3
in the context of the leading term formulas in Theorem 4.2.1 and then use an explicit
description of the cohomology modules of complexes of the form RI'.(Ok s, Z,(r)). In
this section we shall record the necessary descriptions of these cohomology modules.
The results in this section are in principle certainly well known but for convenience we
prefer to record them (they will in fact also be useful in Chapter 5). For completeness
we will also give proofs of the results recorded here.

Throughout we fix notation as in Theorem 4.2.1. In particular, K is a finite
abelian CM extension of a totally real field k, G = Gal(K/k) and r is a non-zero
integer. We recall also that S denotes the (finite) set of places of k consisting of all
places which ramify in K/k (which therefore includes all archimedean places) and all
places lying above p and that Gk s denotes the galois group over K of the maximal
abelian pro-p extension of K inside K that is unramified outside of S(K).

We use the G x Gal(C/R)-module Yx , = @ . (27i)"Z introduced in §2.2.1 and

81



recall that Y, denotes the G-submodule of Yy, comprising elements invariant under

the action of Gal(C/R).

For convenience we often write Cy in place of RI'. (Ok g, Zy(r)).

4.4.1 CM Extensions

Proposition 4.4.1.
(i.) RT'.(Oks,Z,(r)) is an admissible complex of Z,|G]-modules.

(7.) There is a canonical short exact sequence of Z,|G|-modules
0— YI}L,T Qz Ly — Hcl(OK,Sa Zp(T» - ml((’)K’S,Zp(T’)) — 0.

If Schneider’s conjecture (Conjecture 3.2.9) holds for K at r and p then this

exact sequence induces a canonical isomorphism

H(Ok.5,Zy(1) 2 Y, @2, Ly,

(1ii.) There is a canonical isomorphism of Z,|G]-modules H2(Ok.s,Z,(1)) = Gk.s,
where G s is regarded as a Z,|G]-module by the natural conjugation action of G
on Gx.5. With respect to canonical Kummer theory isomorphisms H' (O s, Z,(1))
= Ok ®z Ly and PY(Oks,Z,(1)) = [Twes K}®Z, the map pi from
HY(Ok.s5,Z,(1)) to P(Ok.s,Z,(1)) identifies with the natural diagonal map

Mes: Oxs @2y — [ Ki®LZ,
weS(K)
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(iv.) There is a canonical isomorphism of Z,|G]|-modules

Hg (OK,Sazp(T)) = Zp(r - 1)GK’

Proof. One knows that the complex C? belongs to DP(Z,[G]) by, for example, [10,
Prop. 1.20(a)|] and that the Euler characteristic of Q,[G] ®z,q Cr = Q, ®z, Cr =
RT. (Ok5,Q,(r)) in Ko(Q,[G]) vanishes by, for example, [30, Prop. 2.1.3]. The
fact that the cohomological dimensions of Gk ¢ and of each G, is 2 (cf. [45, Thms.
7.1.8 & 10.9.3|) also combines with the long exact sequence of cohomology of the
exact triangle (3.1) to imply that H*(C?) vanishes for i ¢ {0, 1, 2,3} and so, recalling
Lemma 3.1.6, it follows that C? is acyclic outside degrees 1,2 and 3. To prove that
C* is admissible it therefore suffices to prove that H'(C®) = H}(Ogs,Z,(r)) is
Zy-free. But the long exact sequence induced by the natural short exact sequence
0 — Zy(r) — Qu(r) — Qp/Z,(r) — 0 induces an isomorphism of H}(Ok,s,Zy(r)),,,
with H2(Ok.s,Q,/Z,(r)) and the latter module vanishes as a consequence of Lemma
3.1.6. This proves claim (i).

Since r is non-zero the group H°(Ok.s,Z,(r)) vanishes and so the long exact

cohomology sequence of the exact triangle (3.1) restricts to give an exact sequence
0 1 1 Pr. pl
0 — PY(Ok,s,Zy(r)) — H:(Ok,s,Zy(r)) = H (Ok,s,Zy(r)) = P (Ok,s, Zp(r))-

Since ITY(Of s,Z,(r)) is by definition equal to ker(p.) to derive the short exact
sequence in claim (ii) it is therefore enough to prove that P°(Og s, Z,(r)) is nat-

urally isomorphic to Y ®z Z,. Recalling the isomorphism P°(Ofk,s,Z,(r)) =

(IndZ Z,(r)x)* from (the proof of) Lemma 4.2.2(i) it is thus enough to note that
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there is a natural isomorphism of Z,[G]-modules
vh i (IndP Zy(r)k) T 2 Y, ©2 Z,. (4.29)

Indeed if we regard K as a subfield of C, then Indg Zy(r)k can be identified with

@D . .c Zy(r) and one obtains 4" as the restriction of the isomorphism

I

P z,(r) = (P @ri)'Z) @2 Z, = Yk, @2 Z,

K—C K—C

obtained by “swapping” the topological generator (exp(27i/p™)®"),>0 of Z,(r) with
the generator (2m2)" of the lattice (274)"Z. The second assertion of claim (ii) follows
immediately from the short exact sequence since if Schneider’s conjecture holds for K
at r and p, then Lemma 3.2.10(ii) implies that the group III'(Ok g, Z,(r)) vanishes.

To prove claims (iii) and (iv) we recall that the Artin-Verdier duality theorem
implies that if a € {2,3}, then there is a canonical isomorphism of Z,[G]-modules
HY(Ok.5,Zp(r)) =2 H**(Ok.5,Q,/Zy(1 —7))" (cf. [43, Chap. III, Cor. 3.4]). In
fact, since the action of G on Q,/Z,(1 — r) is via the quotient group Gk g one
has HO(Ox5,Qp/Zy(1 — 1)) = (Qu/Zy(1 = 1))%% s0 HO (O, Qp/Zy(1 —1))" =
(Q/Zp(1 = 1)) 2 (Qp/Zy(1 = 1)) = Zylr — 1) and so claim (iv) fol-
lows immediately from the Artin-Verdier duality isomorphism with a = 3.

In a similar way, the first assertion of claim (iii) follows from the Artin-Verdier
duality isomorphism with @ = 2 and r = 1 and the fact that there is a natural
isomorphism H' (Ok.5,Q,/Z,)" = Gr.s (for an explicit description of the latter iso-
morphism see, for example, the proof of [14, Lem. 3|). Finally we note that the
description of p] as the natural diagonal homomorphism A g is also well-known (see,

for example, the discussion of |14, p.177]). ]
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In the next two subsections we record some useful consequences of Proposition
4.4.1 for the “plus part” and “minus part” of the complex C?. To do this we regard the
non-zero integer r (and prime p) as fixed and set A* := Z,[Gler, A* :=AF R, Q, =

Q,[Glex and RT, (Ok.s,Z,(r))" = C** = C* ®Hip[G] A+ € Dr(A*). We note in

T

particular that since 2% is a direct factor of Z,[G] in each degree n there are natural

identifications H"(C**) = H"(Ctet) = H"(C?)ex.

4.4.2 The “Plus-part”

Proposition 4.4.2.
(i) RT.(Ok.s,Z,(r))" is an admissible complex of A -modules.

(ii) There are canonical isomorphisms of AT -modules

MY (Oks,Zy(1))  i=1,

I

H! (Ok,s,Zy(r)) et
Zp(”f’ - 1)GK 1=3.

(11i) Schneider’s congecture (Conjecture 3.2.9) holds for K at r and p if and only if

the complex RT'.(Ok s, Z,(1))" is strongly admissible.

(w) If r ¢ {0,1} and Schneider’s conjecture holds for K at r and p, then the idem-

potent el (defined in Theorem 4.2.1) is equal to e} .

(v) If r = 1 and Leopoldt’s conjecture holds for K at p, then the idempotent e§°)

(defined in Theorem 4.2.1) is equal to ef — eg.

Proof. Claim (i) follows directly from Proposition 4.4.1(i). Since the definition of the

G action on Y, ®z Z, makes it clear that (Y,{ ®z Z,)e;” = 0, from Proposition

85



4.4.1(ii) and (iv) we also obtain canonical isomorphisms of 2*-modules

1 + -
1 O,z (e = 4 O Ber T2

(Zp(r = Veu) € i =3

To prove claim (ii) it therefore suffices to prove that both HI'(Ok g, Z,(r))e} =

r

HIY(Ok.5,Z,(1)) and (Z,(r — 1), )el = Zy(r — 1)g,. The second equality is clear

because complex conjugation acts on Z,(r — 1) as multiplication by (—1)"!

(and so
e, acts as the identity on Z,(r — 1)g, ). The first equality follows immediately from
claim (i), respectively (iii), of Lemma 3.2.10 if » < 0, respectively r > 1, and so it
suffices to prove it in the case = 1. In this case Proposition 4.4.1(iii) identifies
1Y Ok s, Z,(1)) = ker(p;) with ker(Ak ). But by [63, Thm. 4.12] one knows that
the module ker(Ag s)ef = ker(Ag g)e™ is finite and so the group I (Ok s, Z,(1))ef
does indeed vanish, being both finite and torsion-free (by the argument in the proof
of Lemma 3.2.10). This proves claim (ii).

Next we note that, since C** is admissible, it is strongly admissible precisely
when the group H'(C*t) = ' (Ok g, Z,y(1)) vanishes. Claim (iii) therefore follows
immediately from Lemma 3.2.10(ii).

Regarding claims (iv) and (v) we note first that the definition of the idempotent

eﬁo) in the statement of Theorem 4.2.1 implies that it is equal to the idempotent eg).)

in the terminology introduced in §4.3.1. But the equality el = ej&(«o) of Theorem
4.2.1(i) then implies that eg); = eé?;* and so it suffices to prove that eg);+ =ef, re-

spectively 6(003+ = el —egif r € {0, 1}, respectively r = 1, and Schneider’s Conjecture
1

is valid for K at r and p (we recall from Remark 3.2.11 that if » = 1, then Schneider’s
Conjecture for K at r and p is equivalent to Leopoldt’s Conjecture for K at p). Now

if Schneider’s Conjecture is valid, then claim (iii) implies that C** is acyclic outside
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(0)

oot

itive idempotents of A" which annihilate H*(C#t) ®z, Q,. But the isomorphisms of

degrees 2 and 3 and so Remark 4.3.2 implies that e ., is equal to the sum of all prim-

claim (ii) imply that H*(Cr") ®z, Q, vanishes, respectively is isomorphic to Q, (with

trivial G-action) if r ¢ {0, 1}, respectively r = 1. It is therefore clear that e(COTL =ef,

respectively e(CO.)+ = e —eqgif r ¢ {0,1}, respectively r = 1, as required to complete
1

the proof of claims (iv) and (v). O

If r = 1, then e is equal to the idempotent et = %(1 + 7). In this case exactly
the same argument as in the proof of Proposition 4.4.2 therefore proves the following

result for abelian extensions of totally real fields.

Corollary 4.4.3. Let L/k be a finite abelian extension of totally real fields.

(i) RU:(Oys,Z,(1)) is an admissible complex of Z,|G 1 i|-modules.

(ii) There are canonical isomorphisms of Z,|Gp i)-modules

, Grs ifi=2,
Hi(OLs, Zy(1)) =

Z, ifi=3.

(111) Set C* = RI'.(OLs,Z,(1)). If Leopoldt’s conjecture holds for L at p, then

C* is a strongly admissible complex of Z,|G,i]-modules. The idempotents e§°)
(defined in Theorem 4.2.1) and 6(002 (defined in §4.3.1) are both equal to 1 —
eay,, and so the ideal ]g).) defined in §4.3.1 is equal to the kernel I, , of the

augmentation homomorphism Z,|Gr ) — Z, which sends each element of Gy,

to 1.
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4.4.3 The “Minus-part”

Proposition 4.4.4. Assume that the integer r is strictly greater than one.

(i.) RT(Oks,Z,(1))~ is a perfect complex of A~ -modules that is acyclic outside of

degrees 1 and 2.

(7.) There is a canonical isomorphism of A~ -modules

HCI(OK’S, ZP(T))Q; = Y[;F’T ®Z Zp.

(#3.) The Euler characteristic of the complex RT'.(Ok.s,Qu(r))” in Ko(A™) is zero.

Proof. Proposition 4.4.1(i) implies claim (iii) directly and also that RT'.(Ok s, Z,(r))~
is a perfect complex of 2l™-modules that is acyclic outside of degrees 1, 2 and 3. To
deduce claim (i) it therefore suffices to prove that H3(Ok s, Z,(r))” vanishes. But
this is true because Proposition 4.4.1(i) gives an isomorphism H?(O g, Z,(r)) =
Zy(r — 1)g, and the latter module is annihilated by e, (see the proof of Proposition
4.4.2(i)).

Regarding claim (ii) we combine the exact sequence of Proposition 4.4.1(ii) with
the fact that IIT* (O s, Z,(r))e,” vanishes (by Lemma 3.2.10(iii)) to obtain a natural
isomorphism of 2A~-modules H;(Ok,s, Zy(r))e; = (Y, @z Zy)ey . It is therefore
enough to note that the explicit description of the action of 7(€ G) on Y, implies

that e, acts as the identity on Y,{, ®z Z,. O

4.5 The Proof of Theorem 4.1.1

We are at last ready to prove Theorems 4.1.1 and 4.1.5.
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In this section we deal with Theorem 4.1.1 and so fix a finite abelian extension L/k
of totally real fields. We recall that S = S/, denotes the (finite) set consisting of all
archimedean places of k, all places which ramify in L/k and all places which lie above
p. We also assume (as in Theorem 4.1.1) that there exists a CM abelian extension K
of k which contains L and is such that u(K,p) vanishes, K/k is unramified outside
of S(L) and L is the maximal totally real subfield of K. We assume that L validates
Leopoldt’s conjecture at p and note that this implies K also validates Leopoldt’s
conjecture at p (see, for example, the argument at the end of the first paragraph of
the proof of Proposition 4.4.2).

We set G := Ggp, A = 7Z,[Glef, A:=A®z, Q, and C* := RI'(Ok,s,Zy(1))ey .
We write e for the sum of all primitive idempotents of A which annihilate H?(C*)®g
A and recall that by Proposition 4.4.2(v) this idempotent is equal to e; (1 —eg). The
ideal Ql(co.) introduced in §4.3.1 is therefore equal to the ideal ngo)( 1 —eg) which occurs
in Theorem 4.2.1(ii). In terms of the notation used in Theorem 4.3.3, it then also
follows that the complex (C*)o) is equal to the complex C*® ®%p e ngo)(l — eg) which
occurs in Theorem 4.2.1(ii).

Now from Proposition 4.4.2(ii) and (iii) we know that the complex C* is a strongly
admissible complex of A-modules and that the module H*(C*) = Z, needs only one
generator as an 2A-module and is Z,-free. Thus in terms of the notation used in
Theorem 4.2.1(ii) we have g(C*) = 1, n(C*) = 0 and the ideal I(CO.) is equal to

ANA(L —eq) = Igef = Ig, . We may therefore apply both Theorem 4.3.3(i) and
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Theorem 4.2.1(ii) in this context to obtain an inclusion

L;S(l)[éL/k = LZ,S(l)Ig(.OH"(C.) Aan[(HS(C') )g(C°)

tor

= 127D Anng (H3(0%),,)?CV[C* @a A(L — ec)]y

(1-eg)

C Anng(H?*(C*),,,) = Amng(ef (Gk.s),,,) = Anna((Gr.s),,,)

where the penultimate equality follows from the isomorphism of Proposition 4.4.1(iii)
and the last from that of Lemma 2.2.5 (with » = 1). To derive the inclusions of
(4.1) from this it suffices to note that since L validates Leopoldt’s Conjecture at p
the extension ME(L)/L™ is finite and so Hr,s = (Gr.s)tor and that there is natural
surjective homomorphism H, s = Gal(M§(L)/L>) — Gal(H(L)/H(L)NL®)®Z, =
Clioo) (L) ®z Zy, and hence an inclusion Anng(Hy,s) € Anngjq(Clie) (L)) @z Zy.

In an entirely similar way, if the Sylow p-subgroup of Gz, (and hence also of G)
is cyclic, then Z,,[G]e(o) is relatively Gorenstein over Z, and so we can combine the
equality of Theorem 4.3.3(iii) with the leading term formula of Theorem 4.2.1(ii) and

the result of Lemma 2.1.8 to obtain an equality

Ly s, , = Ly s(1) Fitty,ja, ,1(Zp) = L 5(1) Fittg(H?(C*))

— Fitta((H2(C*),,,)") = Fitta(H*(C"),,,) = Fitts,(c)(Hy.s)

To deduce the remaining inclusions (4.2) and (4.4) of Theorem 4.1.1 from the
inclusion (4.1) and equality (4.3) respectively it clearly suffices to prove that one has

an inclusion Ig, , Annzg, ,1(Cl) (L)) ®z Z, C Anngg, ,1(CI(L)) ®z Z,. But this is
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an easy consequence of the natural exact sequence

0 — Clioo)(O1) ®2 Z, — CO) ®2 Z, — Gal((H(L) N L*)/L) — 0

and the fact that the Z,[G, /z]-module Gal((H (L)NL>)/L) is isomorphic to a quotient
of Gal(L>*/L) = Z, and so is annihilated by any element of I, , .

This completes the proof of Theorem 4.1.1.

4.6 The Proof of Theorem 4.1.5

Since claim (iii) of Theorem 4.1.5 follows directly from Lemma 3.2.7 we shall focus
on claims (i) and (ii). To do this we fix a CM abelian extension K of a totally real
field k and set G := Gal(K/k). We assume that K contains a primitive p'® root of
unity and that the p-invariant p(K, p) vanishes.

For each integer r we set 2 := Z,[G]e} and A := Al ®z, Q,. We also make

use of the twisted p-adic L-functions £, ¢(-) from Definition 2.2.8.

Proposition 4.6.1. Let r be an integer not equal to 0 or 1 such that Schneider’s

conjecture holds for K at r and p. Then one has

£,.5(r) Anng o) (Zy(r — 1)a, ) © Anng o) (IL(Z,y(r)k)) €.

Further, if r is strictly greater than one and the Sylow p-subgroup of G is cyclic,
then the inclusion is still valid if one replaces the term Anngje (I(Z,(r)k)) by

Fittz, ¢ (I11(Z,(r)x)).-

Proof. We set C? := RIU.(Ok.s,Zy(r)) and C** := RI'.(Oks,Zy(r))" (using the

notation introduced just prior to Proposition 4.4.2).
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We first recall from Proposition 4.4.2(iii) and (iv) that if Schneider’s conjecture
holds for K at p and r, then C*" is strongly admissible and both the idempotents
el (defined in Theorem 4.2.1) and e(c?;) (used in Theorem 4.3.3) are equal to e;". The
algebra Q[g)g which occurs in Theorem 4.3.3 is therefore equal to 2" = Z,[Gle; and so,
since this algebra is relatively Gorenstein over Z,, we may apply Theorem 4.3.3(iii)
with C* = C?. Taking account of the leading term formula of Theorem 4.2.1 (noting
that the order 2 defined there is equal to 207) and of the explicit description of
H3(C?) given in Proposition 4.4.2(ii) we thereby obtain an equality

£,,5(r) Fittgr (Z,(r — 1) ) = Fittgs (H2(Oxs, Zy(r))e) ). (4.30)

r

Now Zy(r — 1)g, is a cyclic %f-module and so Fitty (Z,(r — 1)a, ) is equal to
Anng (Zp(r — 1)ay) = ¢ Annge(Zy(r — 1)a, ). It is also clear that the ideal
Fitto: (H2(Ok,s,Zy(r))ef)") is contained inside Anngy((H2(Oks,Zy(r))ef)’) =
Annys (HZ(Ok,s,Zy(r))e;). To deduce the displayed inclusion in Proposition 4.6.1
from (4.30) it thus suffices to show that any element of Anng (HZ(Ok s, Zy(7))e) =
Anng ¢ (H2(Ok.s, Zy(r)))e; annihilates I(Z,(r)k)e,". But this follows immediately
from the surjection H?(Og.g,Zy (1)) = Sel(Z,(1 —r)g)" of Lemma 3.2.4(i), the nat-
ural surjection Sel(Z,(1 — 7)x) = Sel(Zy(1 — )k )cotor = HI(Z,(1 — 7)k) and the
isomorphism I11(Z,(1 — r)x)" = I11(Z,(r)x) of Proposition 3.2.3.

In an entirely similar way, if » > 1 and the Sylow p-subgroup of G is cyclic, then
the final assertion of Proposition 4.6.1 follows by combining (4.30) with Lemma 2.1.8

and claims (i) and (ii) of Lemma 3.2.4. O

We are now ready to prove Theorem 4.1.5. To do this we fix an integer r which is
strictly greater than one and such that Schneider’s conjecture holds for K at r and p.

It is at first clear that Theorem 4.1.5(ii) is an immediate consequence of the final asser-
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tion of Proposition 4.6.1 and that the displayed inclusion of Proposition 4.6.1 reduces
the proof of Theorem 4.1.5(i) to a proof that the ideal £, (1 —7) Anng j)(Z,(—7) )
is contained within Anng ;¢ (II(Z,(r)x))e, . But this follows by taking the displayed

inclusion in Proposition 4.6.1 with r replaced by 1 — r, noting that e, = e, and

using the equality Anng je(IL(Z,(1 —7)x)) = Anng o (IIL(Z,(r)x)) which is induced
by the isomorphism III(Z,(1 — r)x)"¥ = HI(Z,(r) k) in Proposition 3.2.3.

This completes our proof of Theorem 4.1.5.
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Chapter 5

The ETNC and Solomon-type Annihilators

Let K/k be a finite abelian extension of a real field k. As in §2.2.1 we set G :=
Gal(K/k) and write S = Sk, for the (finite) set of places of k comprising those
which ramify in K /k, all archimedean places of k, and all places lying above p.

The basic contents of this chapter is as follows. We begin by describing for
each integer r the various “realisations” and “motivic cohomology groups” of the
“Tate motive” Q(r)k. For any integer r strictly greater than one and any field
isomorphism j : C =2 C, we then give an explicit description of the conjecture
ETNCY(Q(r)k, Z,[G]) discussed in §1.2.1 (this description is certainly well known
to the experts).

We next construct a Z,[G]-submodule e\

K/k,S,p,r of C,[G] from the value at s =r

of the S-truncated complex L-function of K/k. This “higher Solomon ideal” is a
natural generalisation of the ideal Gy s, constructed by Solomon in [55] using the

leading term at s = 1 of S-truncated complex L-functions. We conjecture that the

ideal 6%

K /k.5pr DElONGS tO Z;, |G] and annihilates the Tate-Safarevic group II(Z,(r) k)

and we prove that ETNCY)(Q(r) g, Z,[G]) implies the validity of this “higher Solomon

conjecture”. This result is a natural analogue of the main theorem in the recent thesis

of Andrew Jones [34].
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5.1 The Motive Q(r)x

Let  be an integer. We abbreviate Q(r)x to M, and regard this “motive” as defined
over k and with a natural action of Q[G]. As in the survey article [26] (where M,
is denoted h°(Spec(K))(r)) and |13, §2] we shall now describe M, as a compatible
collection of data, referred to either as “realisations” or “motivic cohomology groups”.

Further details can also be found, for example, in [10, §1.1].

Datum 1 (The Motivic L-function). Associated to M, there is an S-truncated motivic
L-function

Lg(My,s) := (Ls(x, s + 7)),
where x runs over the irreducible complex characters of G.

Datum 2 (The Betti Realisation). For each embedding o : k — R with an associated

place v of k, there is associated to M, a natural G x G,-module

(M) = @ riyQ

§:K—C
d|r=0

upon which G acts by precomposition with the indexing maps, and G, acts diagonally
by post-composition and action on the coefficients. We thereby obtain a G x Gal(C/R)-

module by setting

HB(MT) = @ HU(MT’)

where the direct sum runs over all archimedean places v of k and for each such v the
module H,(M,) denotes H,(M,) for the embedding o : k — R that corresponds to v.

We denote the Gal(C/R)-invariants of Hg(M,) by H}(M,).
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We note that

Yk, ®z Q= Hp(M,) (5.1)

where Y, is the G x Gal(C/R)-module defined in §2.2.1. In particular, if K is a CM
field, then by combining Lemmas 4.2.2(ii) with the isomorphism (4.29) we deduce
that Hj(M,) ®q Q, is a free Q,[G]e, -module of rank [k : Q).

Datum 3 (The deRham Realisation). There is associated to M, a finite dimensional
filtered K -vector-space
HdR<Mr) = K

with a naturally decreasing filtration given by

, K ifi<l—r
FiHyp(M,) =

0 ifi>1-r,

and an associated “tangent space”

K ifr>1
t(M,) := Hyr(M,)/F°Hyp(M,) = (5.2)

0 ifr < 1.

Datum 4 (The Motivic Cohomology Spaces). There are associated to M, two “mo-

tivic cohomology” spaces

Q ifr=0
H)(k, M,) :=

0 ifr#0,
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and

. Ko 1(Ok)®2Q ifr>1
Hf(k:7 MT) =

0 if r < 1.

The canonical isomorphism K ®qg C = . - C induces a period isomorphism
Hp(M,)®¢C = Hyr(M,) ®¢C between the Betti and deRham realisations of M, (cf.
[26, §2, Ex. b|). This isomorphism in turn restricts to give a canonical homomorphism
of R[G]-modules

ay, - HE (M) @ R — t(M,) ®qg R. (5.3)

The “Kummer dual” M*(1) of M identifies with M;_, and so there is a canonical

six-term exact sequence

0 — Hy(k, M,) ®g R — Ker(a,) — Hi(k, My_,) @gR —

Hi(k, M,) @ R & Cok(aa,) — HY(k, Mi_,)" @R — 0 (5.4)

where R is induced by the “Beilinson regulator” map (as described in [9, §10]).

5.2 ETNCY (Q(r)g,Z,[G]) for an integer r > 1

We now fix an integer r that is strictly greater than one. In this section we give an

explicit description of the conjecture ETNCY (M,, Z,[G]).

5.2.1 The Archimedean Contribution

In the next result we use the homomorphism «y;,. from (5.3).

97



Lemma 5.2.1.

(i) There is a canonical short exact sequence of R[|G]-modules

0—Ye, @R -5 K@gR— Y, @ R—0.

(i) The exact sequence (5.4) specialises to give the canonical isomorphism of R|G|-

modules

RK,?” : KZr—l(OK) Qz R = Y[—(i_,l—r ®z R
that 1s induced by the Beilinson requlator map.

Proof. Since r > 1 the motivic cohomology spaces HY(k, M,), H}(k, M,;_,) and
H}(l{, M;_,) all vanish and the space H}(k:, M,) is equal to Ky,_1(Ok)®7zQ. The exact
sequence (5.4) therefore implies that the homomorphism «y, is injective and that the
homomorphism R is bijective. To prove both claims (i) and (ii) it therefore suffices to

prove that there is a canonical isomorphism of R[G]-modules Cok(ay,) = Y, @zR.
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Now, since C = (27i)' "R & (27i)"R, there are canonical isomorphisms

t(M;) @ R = K ©g R

~ (K ®@ (C)Gal((C/]R)

Gal(C/R)
= (@ (C)
Gal(C/R)
=P ro (@ (2mi) "R & (2m)’"R))
Gal(C/R) Gal(C/R)
= (@ (2m’)1""R> D (@ (2m’)’“R)

K—R

Gal(C/R)
@ (@ (2mi)' "R& (2m)’“R)>

g

= (Yg, ®zR) @ (Y¢,_, @z R)

where o runs over all embeddings K < C which do not factor through R and the last
equality follows directly from the explicit descriptions of Yk ;_, and Yk, in §2.2.1.
Since (5.1) implies that the image of «y;, is equal to Y;{ ~®zR the above decomposition

therefore induces an identification of Cok(any, ) with Yy, @z R. O

Definition 5.2.2. We define a graded Q[G]-module

- - -1
E(M,) = [K2-1(Ok) ®z Q]QIG} e [YIJ(r,r Qz Q} qa &ole [K]QG]
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and write U, for the composite isomorphism of graded R|[G]-modules

1

Voo E(M,) @ R =([YE . @2 R] ., Oma) [V, @2 R]

®ra) [K Qg Rlyg-

=(R[G],0)

that is induced by the isomorphism R, in Lemma 5.2.1(ii) and the short exact

sequence in Lemma 5.2.1(i).

5.2.2 The p-adic Contribution

Proposition 5.2.3. There exists a canonical isomorphism of graded Q,[G]-modules

Ipr : E(My) ®g Qp 2 [RT(Ors, Q1) g ey

Proof. Since every bounded complex of Q,[G]-modules with finitely generated coho-
mology groups is cohomologically perfect the canonical isomorphism of Lemma 2.1.4
applies with 2 = Q,[G] and C* = RI'.(Oks,Q,(r)). Taking account of the long
exact cohomology sequence of the exact triangle (3.1) we therefore obtain a canonical

isomorphism of graded Q,[G]-modules of the form

[RTe(Oks; @p(r>)]@ Ntel =
(=1t

&) [H'(Ok.s5,Qp(r)) Q[G ®@p[G]® (Oks: Q)] g ey - (5:5)

€L i€EZ
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In addition, the definition of =(M,) immediately gives a canonical isomorphism

= ~ - -1
E(M;) ®q Qp = [Kz-1(Ok) ®z QP]QE[G} Pgyac) [YIJ{FJ‘ ®z QP} QG

Rqyc) [K g QP]QP[G}'

The claimed isomorphism 1, , therefore results from combining the last two isomor-

phisms with the descriptions of cohomology groups given in Lemma 5.2.4 below. [
Lemma 5.2.4.

(1) There are canonical isomorphisms of Q,|G]-modules

Ko 1(Ok) ®2Q,, ifi=1

I

H'(Ok.s5,Qy(r))

0, otherwise.

(i1) There are canonical isomorphisms of Q,[G]-modules

.

Vi ®2Q, ifi=0

12

POk, Qp(r) 2 K 00 Q,,  ifi=1,

0, otherwise.
\

Proof. We first recall that the p-cohomological dimension of Gi ¢ and of G, for any
place w of K is equal to 2 (cf. [45, Thms. 7.1.8 & 10.9.3|) and hence that the
complexes C* := RI'(Ok.s,Q,(r)) and RI'(K,, Q,(r)) for each w in S(K) are acyclic
outside of degrees 0, 1 and 2. We also know that the group H°(C*®) vanishes since
r # 0 and that the group H?(C*®) vanishes by Lemma 3.2.5.

To prove claim (i) it is therefore enough to note that the claimed isomorphism in
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degree 1 follows from the “Chern-class” isomorphism Ky, 1(Oks) @z Q, = H'(C*®)
discussed just prior to Lemma 3.2.5 and the fact that Ky 1(Ok) = Ka-1(Ok.s)
since r > 1 (cf. [17, Prop. 5.7]).

The isomorphism of claim (ii) in degree 0 was proved in the course of the proof of
Proposition 4.4.1(ii). The fact that P?(Ok. s, Q,(r)) vanishes can be seen in the fol-
lowing way: since Ky,_2(Of s) is finite, the Chern-class isomorphism K, _2(Ok s) @z
Q, = H*(C*)®z,Q, shows that H*(C*)®z,Q, vanishes; from Proposition 4.4.1(iv) we
know that H? (Ok.s,Q,(r)) vanishes; the exact cohomology sequence of the triangle
(3.1) gives an exact sequence H*(C*) @z, Q, — P?(Ok.s,Qpy(r)) — H2(Ok.s,Qp(r))
and hence P?(Ok s, Q,(r)) does indeed vanish.

To complete the proof of claim (ii) it therefore suffices to describe the isomorphism
in degree 1. But from Remark 3.1.9 we know that P'(Ox.s,Zy(r)) = P}(Ox.s, Zy(r))
and so the argument of |6, §3| shows that the Bloch-Kato exponential map exp?ff :
K ®¢Q, — PY(Oks,Q,(r)) is bijective. The required isomorphism is then given by
the inverse

log i : P (Ok.5,Qy(r) — K ©g Q, (5.6)

of this “exponential map”, which (for obvious reasons) we refer to as the “Bloch-Kato

logarithm map”. O

5.2.3 Explicit statement of the ETNC

In the following result we use the module Z(M,) and isomorphism ¥, , from Definition

5.2.2 and the isomorphism v, , from Proposition 5.2.3.

Proposition 5.2.5. The statement of ETNCY(Q(r)x, Z,[G)) is valid if and only if
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one has
ZP[G] (1910,7“ ®qQ, Cp) © (ﬁgolm QR, j Cp) (Lg (Mra 0)71 70) = [ch (OK,S7 Zp(r))]zp[a}-

Proof. This is proved by Burns and Flach in [12, pp. 480-481]. O

If the field K is CM, then we shall denote by ETNCY%(Q(r) g, Z,[G]) the weaker

conjectural equalities

ZP[G]ef(ﬁp,r ®q, Cp) © (191;01,7” QR,j Cp) (Lg (M., 0)71 70>

= [RFC (Ok.s, Zy(r)) eﬂ ZAGlei

5.3 The Higher Solomon Ideal

We fix a CM abelian extension K of a totally real field k£ with G := Gal(K/k) and an
integer r that is strictly greater than one. We fix an odd prime p and an isomorphism
Jj:C=C,andset d:=[k:Q]. We write S = Si/y for the set of all places of k which
ramify in K /k and all places lying above p.

We recall that in [62, Chap. IV] Tate defines a meromorphic C[G]-valued function
O©k/k,s With the property that for any complex number s with real part greater than

one there is an equality

Orms(s)= [] (1—Nwf,")" eC[G].
wéS(K)

In particular, for any character y of G there is an equality of meromorphic functions
X(Ok/ks(s)) = Licsrs(x s 5) (5.7)
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(cf. [55, Eqn. (5)]). One also knows that the function Lk s(x™",s) is analytic on
C\{1} and that

0 if x # xo0¢
ords—1 (X (Ok/r,s(s))) =

-1 if x = xoc

where xo¢ denotes the trivial character of G.

We shall now use the value of O i g(s) at s = r to define a Z,|G]-submodule of
Q,[G] that is a natural analogue of a construction of Solomon in [55, §2.4]. However,
before defining this ‘Higher Solomon Ideal’” we must first introduce some convenient

notation.

o We set
1

rd
A jpsr = (;) e, Okrs(r) € C[G]. (5.8)

e For any integer i with 1 < i < d we use the embedding 7; introduced in Lemma
4.2.2(ii) and the Bloch-Kato logarithm logﬁ X from (5.6) to define a homomor-

phism of Q,[G]-modules

M) PY Ok, Q1) — Q[G]

a — > (joTiog(logi(a)) g

geG

e We define p-adic regulator maps

. d .
Rg)/kvpﬂ" : /\ZP[G]Pl(OK,S7Zp(T)) - Qp[G]

aihay Ao nag — det (O (pr(@))isiica)
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and

g(f?/k,s,p,r : /\ZP[G}Pl(OK,SaZp(T)) i QP[G]

n = j((a’l_{/k,S’,r)#> R%}k,p,r(n)’

where p, : PY(Oks,Z,(r)) — PY(Oks,Q,(r)) is the natural scalar extension
and x — z# denotes the involution on C[G] which sends any element g € G to

1ts inverse.

Definition 5.3.1. In terms of the above notation we now define a ‘Higher Solomon

Ideal” by setting

Gg)/k,s,p,r = Im(ﬁg)/k,s,p,r) C @p[G]-

Remark 5.3.2. Let m be any strictly positive integer. If m > 1, then one has
P;(Ok.s, Zy(m)) = PY(Ok,s,Zy(m)) (see Remark 3.1.9) but if m = 1, then it is
shown by Bloch and Kato in [6, Ex. 3.9 that the image of P}(Oks,Zy(m)) in
POk s,Qp(m)) identifies naturally with [Ty UY(K,) where U'(K,) denotes the
group of principal units of K,. Furthermore, under the natural topological ring

isomorphism K ®q Q, = [[,,, Kw the group Hw|p U'(K,) identifies with the Sylow

w|p
p-subgroup of the group of invertible elements of O ®z Z,. Hence, if we make the
same construction as above in the case r = 1 and replace the Bloch-Kato logarithm
map logﬁ X by the restriction to Hw|p Ul(K,) of the classical p-adic logarithm, then
we recover the ideal 6%%757]} defined by Solomon in [55, §2.4]. This shows that

the ideal G(j )

KJkSpr defined above is indeed a natural analogue of Solomon’s original

construction.

Remark 5.3.3. In [56, Eqn. (22) & Prop 3.4] Solomon proves that his ideal Gg)/k,s,p

is both independent of the choice of j and contained in Q,[G]. For a proof of the

105



same results for the higher Solomon ideal see Appendix A. In particular, we shall

often simply write &Gk /i g, in place of GE;?)M S,p*

In [55, §3 p.15] Solomon formulates a natural p-adic integrality conjecture for his
ideal. A strengthened form of this conjecture was formulated and studied by Andrew
Jones in his thesis [34] (see the discussion in §1.1.2) and this work of Jones naturally

suggests the following conjecture.

Conjecture 5.3.4 (Higher Solomon Conjecture).
Sx/hspr S Fittz e (LL(Zy(7)x))-

5.4 Statement of the Main Results

We can now state the main results of this chapter. This result is a natural analogue

of a theorem of Jones [34, Cor. 4.1.5] and its proof will be given in §5.7.

Theorem 5.4.1. Let K be a CM abelian extension of a totally real field k and set
G = Gal(K/k). Fiz an integer r that is strictly greater than one, an odd prime p
and an isomorphism j : C = C, and assume that ETNCY~(Q(r)k, Z,[G)) is valid.

(i) One has Gg)/kﬁ,w C Fittg g (II(Zy(r)k)) -

(i1) If pt |G| then one has

S s Fittzar ((Qu/Zy(r) )
= Fittz o) (L(Zp(7) ) -

Fittzga ( €D (Q/Z(m) )e;

weS(K)
wioo
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(1i1) If the Quillen-Lichtenbaum conjecture (Conjecture 3.2.6) is valid for r and n =
2, then we may replace the Tate-Shafarevic group I(Z,(r) k) in claims (i) and
(it) by the p-adic wild kernel K3._,(Ok), of Banaszak.

Corollary 5.4.2. Let K be an tmaginary abelian extension of Q and k any real
subfield of K. Let r be an integer strictly greater than one. Then for each odd prime

p one has

Sr/rspr & Fittzq (LL(Zy(r)x)) -

Further, if the Quillen-Lichtenbaum conjecture (Conjecture 3.2.6) is valid for K atr

and p (for example, if r = 2), then

Sx/kspr C Fittz e (K _5(Ok)y) -

Proof. Under the stated hypothesis on K it is proved by Burns and Flach in [13, Cor.
1.2] that the statement of ETNCY(Q(r)x, Z,[G]), and hence also the statement of
ETNCY~(Q(r)x, Z,|G]), is valid. The claimed results therefore follow immediately
from Theorem 5.4.1. O]

5.5 The Key Algebraic Result

To prove Theorem 5.4.1 we shall combine the (conjectural) equality of Proposition
5.2.5 with an explication of the map (9,, ®q, Cp) o (1), ®r; C,) which occurs in
that equality, the explicit description of cohomology given in Proposition 4.4.4 and a
purely algebraic result of Jones.

In this section we start the proof by giving a convenient reformulation of the

algebraic result of Jones.
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Proposition 5.5.1. Let G be a finite abelian group, let A be a direct factor of Z,|G]|
and set A = A ®z, Q,. Let C* be a complex which satisfies the following four

conditions.
(i) C* is a perfect complex of A-modules.
(i) The Euler characteristic of C* @y A in Ko(A) is zero.
(111) C* is acyclic outside of degrees 1 and 2.
(iv) H'(C*®) is a free A-module of rank d (for some non-negative integer d).

Let M be any A-module for which there exists an A-module homomorphism
0: M — H*(C*)

with both finite kernel and finite cokernel and write p for the natural scalar extension

M — M ®g A. Then there is a natural injection of graded A-modules
_ d . .
[H'(C*)]y - (/\yIm((0 ©Q,) © p), 0) — (Fitta(Cok(6)), 0) - [C*ge

Furthermore, if A is the mazimal Z,-order in A, then there is a natural isomorphism

of graded A-modules
[H'(C*)] 4 - ( /\Z Im((6 ® Q,) 0 p),0) = (Fitta(Im(6),,,) - Fitta(Cok(8)),0) - [C*].

Proof. By Lemma 5.5.2 (below) we know that the 2-module H?(C*®) has finite pro-
jective dimension. Also, since C* ®% A is acyclic outside degrees 1 and 2 and has
zero Euler characteristic in Ky(A) the A-module H*(C*) ®y A is isomorphic to

H'(C*) ®y A and so is free of rank d. We may therefore apply Lemma 5.5.3 (below)
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with L = Im(#), M = H*(C*) and C = Cok(6) to deduce that

Im(r) C (Fitte(Cok(6)),0) - [H*(C)],, (5.9)

where & is the natural inclusion of ((Agt Im(9)> o d) in [H?(C) ®g A] ;. Furthermore
t

if A is the maximal Z,-order in A, then the same lemma gives an equality

Im(x) = (Fitty(Im(9),,,) - Fitta(Cok()),0) - [H*(C)] (5.10)

a0
Now since 6(Mior) C (Im(6)),,, there is a commutative diagram

M®mA9i;A>H2(C') R A

d J

M Im(Q)tf

where the bottom map is induced by 0 and the right-hand map is the natural injection
which induces k. Hence one has Im(k) = (/\gl Im((0 ® Q,) o p),d).

Next we note that since H'(C) and H?*(C) are of finite projective dimension
the complex C* is cohomologically perfect and so Lemma 2.1.4 gives a canonical

isomorphism of graded 2A-modules of the form
[H(C]q Oy B [H(C)

To obtain the desired inclusion, resp. equality, we now simply substitute this

isomorphism into (5.9), resp. (5.10). O

Lemma 5.5.2. Let 2 be any commutative Noetherian ring and let C* be a perfect

complex of A-modules that is acyclic outside of degrees 1 and 2. If H(C®) is a
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projective A-module, then H*(C*®) is of finite projective dimension over 2.

Proof. Since C*® is both perfect and acyclic outside of degrees 1 and 2 a standard
construction in cohomological algebra shows that there exists an exact sequence of

finitely generated 2A-modules of the form

! f f

0— H'(C)

Pl P2 H?*(C)—=0

in which P? is free and P! is of finite projective dimension. We choose a finite

projective resolution of P!

Then, since H'(C) is projective, there exists a monomorphism g : H'(C) — Qg such
that yo g = f’. We note that since «y o g is injective the intersection of the image of ¢
with the image of 0; is trivial, and hence the following exact sequence gives a finite

projective resolution of H?(C):

On B3 (82, i

0——>0Q, Q2% g o HY(C) 2L Qo L2 p2 I 20y — 0,

Lemma 5.5.3. (A. Jones, [34, Prop. 2.2.2, Rem. 2.2.3|)
Let R be a complete discrete valuation ring with field of fractions F', G a finite
abelian group and A a ring direct summand of R[G]. Set A=A ®g F. Let C be a

finite A-module sitting in a given short exact sequence of A-modules

0O—L—-M-—=C—=0
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in which M has finite projective dimension and M ®gy A is a free A-module of rank

n. Then there is a natural composite morphism of graded modules

(W) ) = (N 0 n) = e

and one has

Im(k) C (Fitta(C),0) - [M]y.

Furthermore, if 2 is the maximal R-order in A, then one has

Im(k) = (Fitta(Lior) - Fitta(C),0) - [M]g.

5.6 Explicating the morphism (7,, ®q, C,) o (V;), ®r,; C,)e,

In this section we relate the map (9, ®q, C,) o (93], ®r; Cy)e,, which occurs in
the statement of Proposition 5.2.5 to the p-adic regulator maps R%}k’w that are used
in our definition of the Higher Solomon Ideal. We therefore fix notation as in §5.3.
For convenience we also abuse notation throughout this section by often suppressing
explicit reference to the fixed isomorphism j : C = C, and abbreviating 9,, ®q, C,
and Voo ®r j C, to ¥, and ¥ , respectively.

Before stating our main result we recall from Lemma 3.2.12(iii) that the module

Ky._1(Ok)e, is finite. We may therefore regard the isomorphisms that occur in

Lemma 5.2.4 and the proof of Proposition 5.2.3 as inducing an identification

[RFC(OK,Sv@p(T))]QP[G} = [YIJ(F,T Rz @p] (éi[g] oNre] [PI(OK,Sa@p(T))}QP[G]- (5-11)

-1

We also set 2 := Z,[Gle; and fix an A-basis a ! of the ungraded part of [V, @z Z,] o
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in the following way. Recall first from (4.8) that, regarding Q as a subfield of C, each
embedding K < C corresponds to a pair (7;,g) where {7; : 1 < i < d} is a chosen
set of embeddings K — C and g is an element of G. We let {o; : 1 <i < d} be the
Z|G]-basis of Yi, = @, .jc..c(2m)"Z given by

(2mi)" fo=m,
(ai)a -

0 otherwise.

We write o; ' for the unique element of Homgg (Y, Z[G]) for which ;" («;) is equal
to 1 if i = 7 and is equal to 0 otherwise. We then obtain an 2-basis of the ungraded

part of V5 @z Zp};l by setting

ati=e (arh) Ades () e Ay (o).

Proposition 5.6.1. The composite morphism ¥, © 19;716; 1s the unique isomor-

— (C,[Gle, ,0) with the

ro

phism of graded modules [RFC((’)KS, Qy(r))e; ®q, (Cp] CiCler
following property: for each x in the ungraded part of [P*(Ok s, Qp(r))e;]Qp[G]e; one
has

Voor © 19;,1,((04’1 ® x),0) = ((27) "R/ pr(2),0) € (Cp[Gle; ,0),

T

where we have used the identification (5.11).

Proof. We set A =2 ®z, Q, = Q,[Gle,”. We note first that specifying ¥o, 0 ¥, on
elements of the form ((a™'®z), 0) is enough since a ™' is an A-basis of [V, @z Q] :.
Since the ungraded part of [P'(Ok g, Q,(r))e; ], is equal to /\jPl(OK,S,Qp(T))e;
it is also clearly enough to consider elements of the form x = wu; A --- A ug with

u; € PY(Ok.5,Q,(r))e, for each i. But by unwinding the definitions of J,, and 9,
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from Definition 5.2.2 and Proposition 5.2.3 one finds that

He (e ) A Aer(agh) @ (ur A - -+ Aug), 0)

= det((a; ' (I(log,;" (1)) )1<ij<a) (5-12)
with II the natural isomorphism

K®gCy=(K®eC)®c®C, = ( [[ ©®cCp= [] Cp=Ykr®2C,

o:K—C o:K—C

where ¢ runs over all embeddings K — C. Now, if we identify each composite j o o
with the induced embedding K ®g Q, — C, and regard Emb(K,C) as a basis of

Yk, ®z C,, then for each index b one has

(logyy () = Y joa(logy (w)) - o

g

=33 (om0 g) (o2 (w)) - g7 ()
a=1 geG
d

= (2m1) " > (Goraog)(logh (us)) - g~ ().

a=1 geG

For each index ¢ one therefore has

a=d

o ((logy (us))) = (2m0) ™" Y (D (o 70 © g)(logyy (w))g™ ez (@)

a=1 geG

= (2mi) ") (j om0 g)(logy (w))g ™!
geG

= (2m) "N (up)

Gp,T

where the last equality is valid by definition of the map A/ From (5.12) it therefore

C7p77" :
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follows that

Do 0 Uyt ((e (a7 ) Ao Ay (agh)) @ (ug A+ Aug),0)
= det(((2m) "N, (up) )1<b.e<a))
=(2mi) 7" det((A . (up))1<b.e<a)

:(ZWi)_TdRK/k,W(ul FANKIRIRIVAN ud),

where the last equality is by the definition of the regulator map Rg/j . This is the

required equality. O

5.7 The Proof of Theorem 5.4.1

Claim (iii) of Theorem 5.4.1 is an immediate consequence of Lemma 3.2.7 and so
we focus on claims (i) and (ii). We recall from Lemma 3.2.4 that there is an isomor-
phism of Z,[G]-modules I1(Z,(r) k) = II*(Ok s, Z,(r)). Further, from the definition
(5.8) of the element a . Jk,s, 1018 clear that ap, o = az ), ¢ € and hence also that
Sk /kspr = Sk/ksprey - To prove claims (i) and (ii) of Theorem 5.4.1 it is therefore

enough to prove that the validity of ETNCY)~(Q(r), Z,[G]) implies an inclusion

GK/h&p,re; Q Fittzp[G] (H_I2(OK,S, Zp(T’))) (513)

and if p 1 |G| also an equality

Sre/k,sp,r Fittz,ja) ((@p/ Zp(r))GK> e,

= Fittz g (m?(oK,&zp(r)))-Fittzp[g]< an (@,,/Zp(r))Gw)e;. (5.14)
weS(K)
wioo
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The key to proving this is the following result.
Lemma 5.7.1. Proposition 5.5.1 applies to the following data:

o C*:=RI'.(Okgs,Zy(r))e, .

T

o A=A :=7Z,Gle, and A=A :=Q,[Gle, .

T T

o M := PYOks,Z,(r))e,

~and 0 is the homomorphism

M = P(Ox.s, Zy(r))e, — H(Ox.s,Zy(r))e, = H*(C*)

that occurs in the long exact sequence of cohomology of the distinguished triangle

(3.1).
With respect to this data one also knows that
e the module H'(C*) is canonically isomorphic to Yy, @z Z,.

e d=1[k:Q.

e Cok(0) is isomorphic to the finite module I*(Ok s, Zy(r))e; .

r

Proof. Proposition 4.4.4 implies that this data satisfies the conditions (i)-(iv) of
Proposition 5.5.1 and also shows that H'(C®) is canonically isomorphic to the free
A-module Y& @z Z, of rank d := [k : Q].

The long exact sequence of cohomology of the distinguished triangle (3.1) combines
with the definition of II1*(Ok.s, Z,(r)) to imply that Cok(f) is equal to the finite
module II1*(Ok g, Z,(r))e, . In the same way we find that Ker(f) is isomorphic to a
quotient of H'(Ok s, Z,(r))e, and the latter module is finite because the Chern class

map chy g, ®z,Q, discussed in §3.2.1 is bijective and the module Ky, 1(Ok s)e; is
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finite (see Lemma 3.2.12(iii)). The homomorphism 6 therefore has finite kernel and

finite cokernel, as required. O

In the remainder of this section we use the notation of Lemma 5.7.1.

Now the regulator map Ry ks, factors through A&p with p the natural scalar
extension P'(Ok s, Z,(r))e, — P'(Ok.s,Q,(r))e, and so the formula of Proposition
5.6.1 implies that

i

() iR 00 = D0, 2 [ECN]S 00 \y (052, )09), ). (5.15)

(e

Here we have used the fact that £ = —2(27i)~* and that —2e, is a unit of . (Note
also that the use of the map 6 ® Q, is implicit in the formula of Proposition 5.6.1
since we regard (5.11) as an identification.)

In addition, by applying Proposition 5.5.1 in the context of Lemma 5.7.1, and

then using the isomorphism Cok(0) = II*(Of s, Z,(r))e, in Lemma 5.7.1 we obtain

T

a natural inclusion
()] @a (AL (0 © Q) 0 p), 0) — (Fitta (IO 5, Z,(r)e; . 0) - [C*]y

and if p 1 |G/, so that 2 is the maximal Z,-order in A, also a natural isomorphism

[H'(C)]3 @ (A (0 © Q) < ),0)

>~ (Fitte(Im(0),,,) Fitte(II*(Ok s, Zy(r))e; ), 0) - [C*]y

Upon substituting (5.15) into the last two displayed expressions we obtain an inclusion

((i) Im(Rg/k,5pr),0) C <Fitt2l(m2(OK,s,Zp(r))e;),O)~1900’roq9;1{([0']m) (5.16)

™
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and if p { |G| an equality

( (i) "’ Im(Rg/k5p.),0)

™

= (Fitte(Im(),,,) Fitta(II*(Ok s, Zy(r))e; ), 0) - Uooy 0 U 1 ([C*g).  (5.17)

T

Now if ETNCY~(Q(r)k, Z,[G]) is valid, then Proposition 5.2.5 implies that
Voo 00 H([C°ly) = (L% (M,,0)7" - 2,0) .

But, since r > 1, the identity (5.7) implies that L% (M,,0) = Ok s(r)#. Upon
substituting the last formula into (5.16), resp. (5.17), we thus obtain an inclusion
?

( (_) T 67«_@[{/]{;75(7’)# Im(RK/k757p,r), O) Q (Fittm(HIQ(OKﬂ, Zp(r))e;), 0)7 (518)

™

resp. an equality

.\ rd
1
( (—) e, Ok /k,s(r)” Im(Rp 15, ), 0)

™

= (Fitte(Im(0),,) Fittq(II*(Ok s, Zy(r))e; ), 0).  (5.19)

But (%)Td e, Ok /ks(r)* Im(Rg x,5p.) 1s equal to Sk s, (by the very definition of
the latter ideal in Definition 5.3.1). Taking this into account it is clear that (5.18)
immediately gives the required inclusion (5.13) and that (5.19) implies (5.14) when

combined with the following result.
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Lemma 5.7.2. One has

Fitte(Im(0),,,)

= (Fittz o) ((Qp/Zy(r) 7 )e; ) Fittz (D (Q/Z,() ™ ey

weS(K)
wfoo

Proof. The long exact cohomology sequence associated to the distinguished triangle

(3.1) gives an exact sequence of A-modules

0

0— H' (Oks,Zy(1)) e, - P (Ok.5,Z,(r)) e; = Im() — 0. (5.20)

.
(The only thing that is not obvious here is the injectivity of v and this is true because

ker(y) = II*(Ok.s, Zy(r))e,” vanishes by Lemma 3.2.10(iii).)
Now Lemma 5.7.1 implies that the map 0 ® Q, is bijective. Since the functor —,
is left-exact there is thus a commutative diagram of the form

0®Qp
P (Ok,s,Qp(r)) er ———> HZ(Ok,s,Qp(r))er

0 — H' (Ok,5,Zp(r)) e —— P! (Ok,s,Zp(7)) er Im(60) 0

ww |

0—— (Hl (OK,Syzp(r)) eF)tor —_— (P1 (OK,szP(T)) 6:)t0r —_— Im(e)tor

which has exact rows and columns. An easy diagram chase shows that the homo-

morphism g is surjective and so one has an exact sequence

0 - (Hl (OK,S7 ZP(T)) e;>tor - (Pl (OK,Sa Zp<r>) e?)tor - Im(9>t0r - 0
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Since Fitting ideals are multiplicative on exact sequences (as p 1 |G]) it follows that

-1

Fitte(Im(0),,,) = Fitta((P' (Ok.s,Zy(r)) €, ),..) Fitta((H' (Or.5, Zy(1)) €;)

tOI‘) tor)

To obtain the required description of Fittg(Im(#),,) it is thus enough to prove
that there are isomorphisms of Z,[G]-modules of the form H' (Ogs,Z,(r)), =

(Qp/Zy(r))¥ and P (O, Zp(r)) g = GBwef(K) (Qp/Zy(r)) .

Now r # 0 and so Q,(r)“%:5 vanishes. The tautological short exact sequence
0= Zp(r) — Qu(r) = Qp/Zy(r) — 0 (5.21)
thus induces an exact sequence of cohomology groups

0 = (Qp/Zy(r))"* — H' (Ors, Zy(r)) — H' (Ok5,Qy(r))

and hence also the required isomorphism (Q,/ Zp(r))GK’S ~ H' (Oks,Zy(1)),,,. Next

tor’
we note that H*(K,, Z,(r)) = 0 for each archimedean place w since p is odd and hence
that P' (Ok.s,Zy(r)),, = Puwesx) H (Kw, Zy(r))tor. Also for each non-archimedean

place w one has Q,(r)% = 0 and so the exact sequence (5.21) induces the required

isomorphism (Qp/Zp(r»Gw = HY (K, Zp(7) )tor- —~
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Appendix A

The independence of sk 5, from j

In [34] Jones showed that if K is a CM abelian extension of a totally real field k, then
for any isomorphism j : C 2 C, the conjecture ETNCY~(Q(1)g, Z, [G]) implies
that the Solomon ideal 6%)% s, (cf. Remark 5.3.2) is contained in @,[G]. That the
Solomon ideal has this property and furthermore is also independent of the choice of
j had in fact previously been proved unconditionally by Solomon [56].

From Theorem 5.4.1 we know that if K is a CM abelian extension of a totally
real field k, then for any isomorphism j : C = C, and any integer r» > 1 the con-
jecture ETNCY~(Q(r) g, Z,[G]) implies that the Higher Solomon Ideal Gg)/k,s,p,r is
contained in Q,[G]. In this section we adapt Solomon’s original techniques to prove
unconditionally both this inclusion and the fact that 6%,6 Spr 18 independent of the
choice of j.

By abuse of notation we shall also write j for the inclusion j : Q — @p obtained

by restricting j.

A.1 The function ®g

For a more complete account of the basic definitions and theory of Solomon’s function

g/ the reader is referred to [54, §2| and [34, §3.2|.
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For any cycle m = f3 in k, let I be the fractional ideal with additive character £
who’s O-annihilator, Annp, (§) = f. In [54, §2.2] Solomon defines a finite set Wy,
which consists of the 3 equivalence classes of pairs (£, I). This set is endowed with a
distinguished element 1® and a free transitive action of the ray class-group Cly, (Of)
corresponding to m.

In [56, §2, Eqn. (7)] Solomon defines the function

Drn(s) = Z Z(s;eog ot

¢€Cln (k)

where o, is an element of G corresponding to ¢ via the Artin map, and for to € 20,
Z(s;w) denotes the “twisted zeta function”, Zy(s; o) defined in [54, Def. 2.1].
It is know that ®,, is a meromorphic C [Gal(k(m)/k)]-valued function with at

worst a simple pole at s = 0. Hence we may define the C [G]-valued function

Dresi(s) == (|di NFE))* ™ (o i (P (5)) (A1)

where dj, is the absolute discriminant of k and my(mx)),x is the restriction map

Th(m(K)),K - Gal(k(m(K))/k:) — (.

A.2  The relation between ®r /. and sk g,

As in §2.2.1 we write S° = SY, i, for the set of places of k comprising all archimedean
places and all which ramify in K/k and write S = Sk for the union of S° and the

set of places which lie above p. Then the basic properties of Tate’s Theta function
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imply that for each integer s with s > 1 one has

Ok /k,s(5) = Okyp,s0(8) H (1-Nv™f ")
vlp

vV unram (A.2)
= Ok /k,50(5) H No™® (No* — f,71) .

v|p
UV unram

For each archimedean place v of k define a C|[G|]-valued function C,(s) on C by

e’ms — eimse, if v is complex

Cy(s) ==

e™s/2  eims/2¢ i v is real

where ¢, is the unique generator of the decomposition subgroup of GG associated to
v. Then by combining the relation (A.2) with [56, Thm. 2.1] we obtain the following
relation between the meromorphic C|[G]-valued functions O x s(s) and ®g/(1 — s)

of s e C

20\ /d,, H No™® (Nv* —o,") | (1l —s)
vlp

UV unram

= (2m) L)) [ [[ Culs) | Onpmsls)- (A3)

v]oo

Now since k is totally real and r # 1 is integral, for each archimedean place v one

has Cy(r) =" (1+ (—1)"7) = 2i"e, . Thus, under the hypothesis that K is CM and k
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is totally real, (A.3) implies that at s = r we have

Vi H No™" (No" —o,") | @ryp(l—7)
ol

P
v unram

—((2m) " (r = ! (T27€r)) Orepmsr)

v]oo

NI <%> “rOnslr)

Since r # 1 and @/, is regular away from 0 one therefore has

A /hSr = @2 (r — 1) H No™ (NUT - 051) \/@q)K/k(l —r).
lp

vV unram

A.3 The independence of sg/; 5, from the choice of j

Every element « of Gal(Q/Q) induces an automorphism of Q (14(x)) [G] by its action
on coefficients. To describe its action on ®x /(1 — r), we let Q*° and k** denote the
maximal abelian extensions of Q and k respectively inside Q and write ver for the
transfer homomorphism Gal(Q*/Q) — Gal(k®/k). If F is any extension of k within

k® we compose ver with the restriction map to get a homomorphism
Vi : Gal(Q*/Q) — Gal(F/k)

exactly as in [56, §3].

Lemma A.3.1. For each o in Gal(Q/Q) one has
a(Pr/p(l —1)) = Vi (o |ger) Pry(1 —7)
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where the product on the right hand side is in Q (psx)) [G].

Proof. For « as above it follows from [53, Prop. 3.1] that
oz(q)m(K)(l — 7“)) = Vk(m(K)) (a |Qab) (I)m(K)(l — 7“)

and so by applying (|dx| Nf(K))™" Trm(x)),x to both sides we get the desired result.
[

Lemma A.3.2. For any a € Gal(Q/Q) and 0 € /\CZI[G} P (Ok.s,Z,(r)), we have
(j o ) (V) RE) (0) = Vic (o lgm) j(V/de) R, (6).

The element j(\/d_k)R%km,r(@) belongs to Q, (Mf(K)> [G].

Proof. The proof of the first claim here is identical to that of the second claim of
[53, Prop 3.2]. To proceed we set d := [k : Q], write 7q,...,74 for the embeddings
k — Q, and let {7; : 1 < i < d} be fixed elements of Gal(Q/Q) which extend
the given embeddings. We choose {7; : 1 < i < d} to constitute a complete set of
representatives of the coset space Gal(Q/Q)/ Gal(Q/k).

Given a € Gal(Q/Q) there exists elements 71, ..., v in Gal(Q/k) and a permu-

tation 7, of {1,...,d} such that for each i one has
Q0T = Tr,(i) O Vi-

In particular, ver(a|gas) is by definition equal to the image of HZj ; in Gal(Q/k)*"

Thus one has

04|an H’}/Z‘K
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Recall the isomorphism logﬁ X from (5.6) and the maps )\E’Q’T described just prior
to Definition 5.3.1. For any a € P' (Ok.s,Z,(r)) and each i = 1,...,d the definition

of )\Ef;r implies that

Aea®1) =Y joa (7 (9(logl(a))) g~

geG

=33 (o Cuslog (@) ™
geCG

= >3 (Frato (9008 @) (g7 1)
geG

)\ o) z)pr( a® 1)’-Yl|K

K/k p,r K/k,p,'l

for each element 6 of /\Z[G} P (Ok.s,Zy(r)). Also joa (Vdi) = sgn(ma)j(v/dy) and

SO

(j o ) (V) RE) (0) = Vic (a lgm) j(v/di) B, (6).

This proves the first claim of the Lemma and the second claim then follows directly
from the first claim and the class-field theoretic fact that Vi = mpmr)),x © Vimk))
factors through the restriction map Gal(Q?/Q) — Gal (Q ( (Mf(K ) /@) ]

Proposition A.3.3. For any 6 in /\%[G] P (Oks,Z,(r)) the element

j (Vl®rn(l = 1)) BY), ,.(0) €T, [G]
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belongs to Q,|G| and is independent of the choice of j.

Proof. The previous two lemmas show that this element is unchanged when j is
replaced by j o« for any o € Gal(Q/Q). Hence the element is indeed independent of
the choice of j.

For the containment in Q,[G] we note that the Bloch-Kato exponential map, and
hence also the Bloch-Kato logarithm map log}]if, is p-adically continuous and hence
that any element 3 of Gal(Q,/Q,) commutes with it. Thus letting 3 act on coefficients

we find that

5 (5 (VA = r)#) By, 0)) = (305) (V@1 = 1)F) R, (0)

= (Vd®rp(l = 1)) B, (0).

Hence the element is invariant under all such 3 and so must be contained in Q,[G]. O

By combining the last result with the expression for a . Jk.s, glven at the end of

§A.2 one finds that the map s%)/k spr 18 independent of the choice of j and that its
()

image &} Ik Spr 18 contained in Q,[G], as required.
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Appendix B

Relating p-adic and complex L-functions

This section is joint work with David Burns.

Let K be a CM abelian extension of a totally real field k. In this section we
conjecture, for each integer r strictly greater than one, a precise relationship between
the leading terms at s = r of the equivariant complex and p-adic L-functions that
are associated to K /k. This conjecture is a natural analogue of Serre’s p-adic Stark
Conjecture at s = 1 and gives a precise (conjectural) connection between Theorem

4.2.1 and the appropriate special case of the ETNC.

B.1 Statement of the conjecture

We fix an integer r that is strictly greater than one and set A" := Z,[Glef and
At = A" ®z, Q) = Q,[Gle; . In the following conjecture we use the isomorphisms
Uy, and Yo, and graded Q[G]-module Z(Q(r)k) that are introduced in §5.2 and
the S-truncated twisted equivariant p-adic L-function £, s(s) that is introduced in
§2.2.3. We note that if Schneider’s conjecture (Conjecture 3.2.9) is valid for K at p
and r, then Proposition 4.4.2 implies that the complex RI'(Ok s, Q,(r))e/ is acyclic

and hence induces an identification

[RT(Ok.s, Qp(r))e] 44 = (AT, 0). (B.1)
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Conjecture B.1.1 (The “p-adic Stark Conjecture at s = r” for r > 1).

(i) Schneider’s conjecture is valid for K at p and r.
(ii) 195017T((L§(Q(7")K,0)_1,0)) belongs to Z(Q(r) k).

(111) There exists a unit u of A" such that, with respect to the identification (B.1),

one has

Upir © Vo, (6] L5 (Q(r) i, 0) , 0)) = (u€y,5(r), 0).

Remark B.1.2. By unwinding the definitions of ¥,, and ¥, it is possible to
rephrase the equality of Conjecture B.1.1(iii) as asserting that e} L% (Q(r)g,0) is
equal to ug, s(r) multiplied by a product of an explicit archimedean regulator (con-
structed using the Beilinson regulator) and an explicit p-adic regulator (constructed
using the Bloch-Kato logarithm map). In this way one finds that Conjecture B.1.1 is
in fact a very natural analogue of the “p-adic Stark Conjecture at s = 1”7 which orig-
inates with Serre but is first described precisely by Burns and Venjakob in [16, §5.2]
and this analogy suggests that it might also be reasonable to expect that the unit
w in Conjecture B.1.1(iii) is very simple, possibly even just ef. In some very recent
work Besser, Buckingham, de Jeu and Roblot [5] have also formulated a generalisa-
tion to values of L-functions at integers strictly greater than one of the p-adic Stark
conjecture at s = 1. Their methods are different from those used here and it would
surely be interesting to explore the explicit connection between their conjecture and

Conjecture B.1.1.

B.2 The relation to the ETNC

Proposition B.2.1. Let K be a CM abelian extension of a totally real field k and r

be an integer strictly greater than one. Assume that K contains a primitive p"*-root of
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unity and that p(K,p) = 0. Then the validity of Conjecture B.1.1 implies the validity
of EINCY(Q(r)x, Z,[G]).

Proof. 1f Conjecture B.1.1(i) is valid, then Schneider’s conjecture is valid for K at r
and p and so Proposition 4.4.2(iv) implies that the idempotent 65«0) defined in Theorem
4.2.1 is equal to e. Under the stated conditions, Theorem 4.2.1(iii) therefore gives

an equality of graded AT-modules
[RU(Ok.s, Zy(r))ef o = (AT L,5(r)71,0) .

Since the element u in Conjecture B.1.1(iii) is assumed to be a unit of 2™ this equality

combines with that of Conjecture B.1.1(iii) to imply that
[RT(Ores Zy(1)et | g = ¥ - U 0 924 (e L (Q()1,0)", 0).

But this equality is just the e -part of the equality of Proposition 5.2.5 and hence is
equivalent to the statement of ETNCY*(Q(r)k, Z,[G]). O
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